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Abstract 



In this thesis wc develop the cohomology of diagrams of algebras and then apply this to the cases 
of the A-rings and the ^'-rings. A diagram of algebras is a fnnctor from a small category to some 
category of algebras. For an appropriate category of algebras we get a diagram of groups, a diagram 
of Lie algebras, a diagram of commutative rings, etc. 

We define the cohomology of diagrams of algebras using comonads. The cohomology of diagrams 
of algebras classifies extensions in the category of functors. Our main result is that there is a 
spectral sequence connecting the cohomology of the diagram of algebras to the cohomology of the 
members of the diagram. 

\l/-rings can be thought of as functors from the category with one object associated to the 
multiplicative monoid of the natural numbers to the category of commutative rings. So we can 
apply the theory we developed for the diagrams of algebras to the case of ^f-rings. Our main 
result tells us that there is a spectral sequence connecting the cohomology of the "Jf-ring to the 
Andre-Quillen cohomology of the underlying commutative ring. 

The main example of a A-ring or a \l/-ring is the i^-theory of a topological space. We look 
at the example of the ii'-theory of spheres and use its cohomology to give a proof of the classical 
result of Adams. We show that there are natural transformations connecting the cohomology of the 
iiT-theory of spheres to the homotopy groups of spheres. There is a very close connection between 
the cohomology of the /C-theory of the 4n-dimensional spheres and the homotopy groups of the 
(4n — l)-dimensional spheres. 
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Chapter 1 

Introduction 



A-rings were first introduced in an algebraic-geometry setting by Grothendieck in 1958, then later 
used in group theory by Atiyah and Tall. A A-ring i? is a commutative ring with identity, together 
with operations AV i? — > i?,, for i > 0. We require that A°(r) — 1 and A^(r) = r for all r E R. 
There are more complicated axioms describing A*(ri-|-r2), A'(rir2) and A'(A^ (r)). The A-operations 
behave like exterior powers. The more complicated axioms are difficult to work with, and given a 
A-ring R, it is difficult to prove that it is actually a A-ring. 

In 1962 Adams introduced the operations to study vector fields of spheres. These operations 
give us another type of ring, the ^E'-rings, which are related to the A-rings by the following formula. 

*'(r) - Ai(r)**-i(r) + ... + {-1)'-^ \'-\r)-^^ {r) -f {-l)H\\r) = 0. 

A ^'-ring is a commutative ring R, together with ring homomorphisms VE** : i? ^ i?, for i > 1. 
We only require that \I'^(r) = r and '^'^{'^^{r)) = '^'^^{r) for all r £ R. The V^-rings are much 
easier to work with, and in several places we will need to pass to ^I'-rings to be able to carry out 
computations for A-rings. 

Homological algebra is a relatively young discipline, which arose from algebraic topology in 
the early 20*'' century. In 1956, Cartan and Eilenberg published their book entitled "Homological 
Algebra" Q , which was the first book on homological algebra and still remains a standard book of 
reference today. They found that the cohomology theories for groups, associative algebras and Lie 
algebras could all be described by derived functors, defined by means of projective and injective 
resolutions of modules. However the method they used was not enough to define the cohomology 
of commutative algebras. To overcome this problem, simplicial techniques were developed in 
homological algebra. 

In the 1950's Moore showed that every simplicial group X is a Kan complex whose homotopy 
groups are the homology of a chain complex called the Moore complex of K. Dold and Kan 
independently found that there is an equivalence between the category of simplicial abelian groups 
and the category of non-negative chain complexes of abelian groups given by the Moore complex. 
Using simplicial methods Dold and Puppe showed that one can define the derived functors of a 
non-additive functor, since simplicial homotopy doesn't involve addition. 

The notion of a monad on a category traces back to R. Godement Around 1965, Barr and 
Beck used comonads to define a resolution as a way to compute nonabelian derived functors. In 
1967, Andre and Quillen independently developed what we now call Andre-Quillen cohomology. 
The Andre-Quillen cohomology is defined in general for algebras, using comonads. The A-rings 
and ^'-rings are particular examples which are included in this scheme, so the Andre-Quillen 
cohomology is well defined for both A-rings and \I>-rings. The main difficulty is that the Andre- 
Quillen cohomology is complicated and difficult to compute. Harrison had described a cohomology 
for commutative algebras in 1962 using a subcomplex of the Hochschild complex. The Harrison 
cohomology coincides with the Andre-Quillen cohomology over a field of characteristic zero up to 
a dimension shift. Our aim is to develop tools which aid computation. 

In 2004, Yau defined a cohomology for A-rings in order to study deformations of the 
associated VP-operations. However, Yau's cohomology for A-rings is different from the Andre- 
Quillen cohomology. 
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1.1 Outline of the thesis 



In Chapter 2, we give a short overview of some of the fundamental concepts of homological algebra. 
We can trace the roots of these concepts back to Cartan and Eilenberg in the 1950's. We provide 
the definitions of additive categories, abelian categories and short exact sequences in abelian cate- 
gories. We outline the construction of the right derived functor Ext* using projective and injective 
resolutions. The main references for this part of the chapter are [l^ and 17 [. We sketch the con- 



struction of the cohomology of algebras in general using comonads [19| and we give the example 
of the Andre-Quillen cohomology for commutative rings which are the right derived functors of 
the derivations functor [1^. We provide an overview of the Harrison cohomology of commutative 
algebras llOj and the Baues-Wirsching cohomology of a small category with coefhcients in a natural 
system [J|. 

Chapter 2 only provides well known background material which will be required later. It does 
not contain any original work. The original research can be found in the remaining chapters of the 
thesis. 

In Chapter 3, we turn our attention to ^t-rings, which are related to A-rings via the Adam's 
operations. The first section introduces the basic concept of a ^-ring which can be found in [l^ . 
We then develop the ^'-analogue of modules and the semidirect product. These are then used to 
develop the ^'-analogue of derivations and extensions. The results from this chapter are needed in 
chapter 4 to prove similar results for A-rings. 

In 2005, Donald Yau published a paper entitled, "Cohomology of A-rings" [l^. In the paper 
he develops a cohomology of A-rings in order to study the deformations of the ^'-ring structure. 
Yau's cohomology is different from the Andre-Quillen cohomology. In the last section of Chapter 
3 I provide a definition of the deformation of a ^I'-ring which is different to Yau's definition. This 
alternative definition is related to the Andre-Quillen cohomology of ^P-rings. 

In Chapter 4, we introduce A-rings. The first section introduces the basic notions of A-rings 



which can be found in [ij]. We then develop the A-analogue of modules and the semidirect product. 
We then use these to develop the A-analogue of derivations and extensions. The last section of 
Chapter 4 provides an overview of Yau's cohomology for A-rings. 

In Chapter 5, we extend the Harrison cochain complex of a commutative algebra to get a bicom- 
plex whose cohomology we define to be the Harrison cohomology of a diagram of a commutative 
algebra. We then apply this theory to the case of ^t^-rings. 

In Chapter 6, we develop a cohomology for diagrams of algebras in general, using comonads. 
First, we fix a small category /. A diagram of algebras is a functor / — 21[g(T), where T is a monad 
on sets. For appropriate T, we get a diagram of groups, a diagram of Lie algebras, a diagram of 
commutative rings, etc. The adjoint pair 2l[g(T) ; - ©ets yields a comonad which we denote 
by G. We can also consider the category Iq, which has the same objects as /, but only the identity 
morphisms. The inclusion Iq C I yields the functor 6cts^ &zts^° which has a left adjoint given 
by the left Kan extension. We also have the pair of adjoint functors 2tlg(T)^ < - Qcis^ which 

comes from the adjoint pair %lg{T) ; - ©ets . By putting these pairs together, we get another 
adjoint pair 

mgiry Geis^" • 

This adjoint pair yields a comonad which we denote by G/. We can then take the cohomology 
associated to the comonad G/. Now we have both a global cohomology, H^^{A,M), and a local 
cohomology, H^{A{i), M{i)). Our main result is that there exists a local to global spectral sequence 
connecting the two: 

iJf = Hl^{I,W{A,M)) ^ A/), 

where Hgy^r{I, TL'^{A, M)) denotes the Baues-Wirsching cohomology of the small category / with 
coefficients in the natural system 'H''{A, M) on / whose value on (a : i — s> j) is given by 
Hl{A{i),a*M{j)). 

In Chapter 7, we apply our theory from Chapter 6 to the case of ^f-rings. A ^-ring can be 
considered as a diagram of a commutative ring, so we can apply our results to get a cohomology 
for \l/-rings. We also define the cohomology of A-rings using comonads. We note that there are 
homomorphisms connecting the cohomology of A-rings, the cohomology of the associated ^-rings 
and the Andre-Quillen cohomology of the underlying commutative rings. 
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The last Chapter looks at applications of the earlier developed theory. Our main application 
is in algebraic topology. For any topological space X such that K^{X) = 0, there exists a homo- 
morphism natural m X, t : 'K2n-i{X) Ext^{K{X), K{S'^^)). We show that the cohomology 
of A-rings and ^'-rings can be used to prove the classical result of Adams. Wc also show that the 
\l/-ring cohomology of K{S'^") is related to the stable homotopy groups of spheres via the natural 
transformation r. 
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Chapter 2 

Homological algebra 



2.1 Category theory 
2.1.1 Abelian categories 

The material in this section can be found in many textbooks, including ^16] and [19|]. Before we 
introduce abelian categories, we start by defining the notion of an additive category. 
An additive category 21 is a category such that the following holds: 

1. for every pair of objects X and Y in 21, the hom-sct Homa(^, i^) has the structure of an 
abelian group such that morphism composition distributes over addition. 

2. 2t has a zero object (an object which is both initial and terminal). 

3. for every pair of objects X and Y in 2t, their product X x Y exists. 

An abelian category is defined in terms of kernels and cokernels, so first we will recall some 
other basic definitions from category theory. 

In a category £, a morphism m : X ^ Y is called a monomorphism if for all morphisms 
fij f2 ■ V ^ X where m o fi — m o f2 we have fi — f2- A morphism e : F — > X is called an 
epimorphism if for all morphisms gi, g2 '■ X ^ V where gi o e — g^ o e we have gi — g2- 

In an additive category 21, a kernel of a morphism f : X -^Y \s defined to be a map i : X' ^ X 
such that f o i = and for any morphism g : Z ^ X such that f o g = there exists a unique 
morphism g' : Z ^ X' such that i o g' = g. 




Dually, in an additive category 2t, a cokernel of a morphism f : X ^ Y is defined to be a map 
e : Y Y' such that eo f ~ and for any morphism g -.Y ~^ Z such that .g o / = there exists a 
unique morphism g' : Y' ^ Z such that g' o e = g. 




An abelian category 2t is an additive category such that the following holds: 

1. every morphism in 2t has a kernel and cokernel. 

2. every monomorphism in 21 is the kernel of its cokernel. 

3. every epimorphism in 21 is the cokernel of its kernel. 
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The basic example of an abelian category is the category of abehan groups, denoted by 2lb. In 
the category 2lb, the objects are Abehan groups, and the morphisms are abehan group homomor- 
phisms. In general, module categories which appear throughout algebra, are abelian categories. 

If T is a small category and 2t is an abelian category then the category of functors 21-^ as also 
an abelian category. The category of sets Sets and the category of groups C5rp are not abelian 
categories. However, if G is a group then the category of left (or right) G-modules, denoted by 
G — moO, is an abelian category. If i? is a ring then the category of left (or right) i?-modules, 
denoted by i? — moO, is an abelian category. If i? is a ^f-ring then the category of \l/-modules over 
R, denoted by i? — mot)^, is an abelian category. If i? is a A-ring then the category of A- modules 
over R, denoted by i? — moOA, is an abelian category. 

In an abelian category 2t, a short exact sequence is a sequence 



0- 



-^0 



in which a is a monomorphism, p is an epimorphism and Ker(/3) = Im(Q;). 
In an abelian category 21, a sequence 



r 



Xn+l 



is said to be exact at X" if Ker(/") = Im(/" ^). The sequence is said to be exact if it is exact at 
X" for aU n G Z. 

2.1.2 Modules 

Let £ be a (not necessarily abelian) category with finite limits, and 1 denote a terminal object in 
£. An abelian group object of £ is an object A together with arrows m : A x A ^ A, i : A ^ A 
and z : 1 ^ A such that the following diagrams commute, 
(associativity of multiplication) 



Ax Ax A- 



mxidA 



id A xm 



AxA- 



Ax A 



-^A 



(left and right units) 



idAXz zxidA , . 

Axl ^ A X A^ Ix A 



(left and right inverses) 




A ^Ax A^ A 



(commutativity) 




These diagrams say that the arrows satisfy the equations of an abelian group. 
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Let A, i, m, z and A' , m' , i' , z' be abelian group objects of £, a morphism of abelian group objects 
is an arrow f : A A' such that the foUowing diagram commutes. 



AxA- 



A 



f-xf 



A' X A' 



A' 



We denote the category of abehan group objects of £ by Ab{<t). 

Let A be any object of the category £. The slice category of objects of £ over A, denoted by 
C/A, has as objects the arrows of £ with target A. Given two objects f : B ^ A and g : C A 
of £/v4, an arrow of ft/ A from / to 5 is an arrow h : B ^ C which makes the following diagram 
commute. 

h 




Definition 2.1. Let A be an object in a category £. An A-module is defined to be an abelian 
group object in the category £/A, 

A-mo3 := Ah[a/A). 
The category A — moD is usually an abelian category. 

Definition 2.2. Let p : F — > A be an object and q : Z ^ A he an abelian group object of €./A, 
then we define the abelian group oi p-derivations, denoted Der(y,Z), to be 

Der(r, Z) := Uomc/Aip, q)- 



2.2 Cohomology 



The concepts of complexes and (co)homology began in algebraic topology with simplicial and sin- 
gular (co) homology. The methods of algebraic topology have been applied extensively throughout 
pure algebra, and have initiated many developments. Complexes are the basic tools of liomological 
algebra and provide us with a way of computing (co)homology. The following definitions can be 
found in ^ and 

A cochain complex (C, S) of objects of an abelian category 21 is a family {C", of objects 

C" G o6j(2t) and morphisms (called the coboundary maps or differential maps) : C" C""*"^ 
such that <5"+i o 5" = for all n e Z. 



° ; — 9- (jn+2 



The last condition is equivalent to saying that Im((5") C Ker((5"+^) for all n G Z. Hence, one 
can define the cohomology of C denoted by H*{C), 

Ker((5") 



where i?"(C) 



Im((5"-i)' 



H"{C) is called the n*''-cohomology of C. An n-coboundary is an element of Im((5"^^). An 
n-cocycle is an element of Ker((5"). 

Let (C, (5) and (Co,i5o) be two cochain complexes of an abelian category 21. A cochain map 
f : (C, S) -)■ (Co, (5o) is a family of morphisms {/" : C" -)■ C^jnei. such that o f" = o ,5" 
for all n G Z. The last condition is equivalent to saying the following diagram commutes. 



.(jn-2 



° ; (7"+! — 5~ (jn+2 



r 



5^ 



^n+2 
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A cochain map / : {C,5) — !> (Co,(5o) induces homomorphisms H^{f) : H"{C) -> iJ"(Co). This 
makes each H" into a functor. 

A cochain bicomplex of objects of an abehan category 2t is a family 
{CP^9,(5P'9,aP^9}p.,gz of objects CP'I e o6j(a) and morphisms : CP'« ^ Cp+i^' and : 
CP:9 ^ c'P.q+i such that (5P+i'« o = and (9P'9+i o 5P'« = and also dP+^^'^SP^'^ + 6P^i+^dP''' = 
for all p,q ^ Z. 

It is useful to visualise a cochain bicomplex as a lattice 



/^p-l,g+l j_ /^p,g+l j_ /^p+l,g+l 



^p - l,g - 1 



^P,g 



(jp+l,q . 



gp 



where each row {C*''^ ,6*''^) and each column {CP'*,dP''*) is a cochain complex and each square 
anticommutes. 

The total complexes Tot{C) — Tot^{C) and Tot®(C) of a cochain bicomplex C are given by 
Tot^iCy'^ W CP''' and Tot®iC)"^ C^''?. 

p+(j=n p+q=n 

The coboundary maps are given hy d = S + d. We note that Toin((7) — Tot®{C) if C is 
bounded, especially if C is a first quadrant bicomplex. 

Proposition 2.3. If C is a first quadrant bicomplex then we have the following convergent spectral 
sequence 

El''^ = HlH^{C) HP+^{Tot{C)), 
where denotes the horizontal cohomology, and H* denotes the vertical cohomology. 

2.3 Classical derived functors 

A standard method of computing classical derived functors between abelian categories is to take a 
resolution, apply the functor, then take the (co)homology of the resulting complex. The following 
material can be found in [l^ and [l7| . 

2.3.1 Projective and injective objects 

An object P of an abelian category 21 is projective if for any epimorphism e : A ^ B and any 
morphism f : P ^ B there exists a morphism g : P ^ A such that f — e o g^ in other words, if 
the following diagram commutes. 

P 




A^^B -0 

An object Q of an abelian category 2t is injective if for any monomorphism m : A ^ B and 
any morphism f : A ^ Q there exists a morphism g : B ^ Q such that f — g o in other words. 
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if the following diagram commutes. 



^A'^^B 




An object P is projective if and only if Hom2i(-P, — ) : 21 — >■ 2tb is an exact functor. In other 
words, if and only if for any exact sequence 0— >B— >-C— >0in2lit follows that the following 
sequence of groups 

^ Hom2[(-P, A) ^ Homa(P, B) > Hom<a(P, C) > 

is also exact. 

An object Q is injective if and only if Hom2i(— ,(3) : 21 — >■ 2lb is an exact functor. In other 
words, if and only if for any exact sequence 0— >B— >-C— >0in2lit follows that the following 
sequence of groups 

^ Homsa(C, Q) 3> HomaC-B, Q) Homa(A, Q) 

is also exact. 

2.3.2 Projective and injective resolutions 

Let A be an object of an abehan category 2t. A projective resolution of ^ is a complex P, where 
Pi = for alH < and Pj is projective for all j > 0, together with a morphism e : Pq ^ A called 
the augmentation such that the augmented complex 

-P^^Pi^Po — A -0 

is exact. 

Let A be an object of an abelian category 2t. An injective resolution of A is a complex Q, 
where Qi = for all z < and Qj is injective for all j > 0, together with a morphism e : A ^ Qq 
called the augmentation such that the augmented complex 

> A — ^ Qo — ^ Qi — ^ Q2 ' 

is exact. 

An abelian category 21 is said to have enough projectives if for every object A of 21, there exists 
a projective object P of 21 and an epimorphism e : P ^ A. 

An abelian category 21 is said to have enough injectives if for every object A of 21, there exists 
an injective object Q of 21 and a monomorphism m : A ^ Q. 

2.3.3 Right derived functors 

Let 21, *8 be abelian categories, where 21 has enough injectives. If P : 21 ^ *B is a covariant left 
exact functor, then we can construct the right derived functors of F, denoted by P"P : 21 — >■ 5B 
for n > 0. If A is an object of 21, and Q is an injective resolution of A, we define 

K^F{A) := if"(P(Q)). 

Let 21, 05 be abelian categories, where 21 has enough projectives. If G : 21 ^ 55 is a contravariant 
left exact functor, then w(; can construct the right derived functors of G, denoted by K^G : 21 — >■ 
for n > 0. If ^ is an object of 21, and P is a projective resolution of A, we define 

K^G{A) := H''{G{P)). 

It is known that the functors R'^F{A) and P"G(A) are independent of the choice of projec- 
tive/injective resolution chosen, hence it only depends on A. We always get P°P(A) = F{A) and 
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R'^G{A) = G{A). Furthermore, if A is injective then R^F{A) = for n > 0, and if A is projective 
then R"G{A) = for n > 0. 

Given a covariant left exact functor F : 2t — > *8 between the abehan categories 21 and *8 and 
given a short exact sequence 

^ Ai ^2 ^ A3 
in 21, then there exists the foUowing long exact sequence. 

^ R"F{Ai) ^ R°F{A2) ^ R°F{A3) ^ R^F{Ai) ^ ■ • • 



^ ^ i?"i^(A2) ^ R'^FiAs) ^ i?"+iF(v4i) ^ ■ • ■ 

2.3.4 Ext 

The main example of right derived functors are the functors Ext". 

Let i? be a ring, and let M, N be left i?-modules. The functor F{~) = Hom/j(Af , — ) : i?— moO — >■ 
2lb is a covariant additive left exact functor, so we can define its right derived functors 

Ext^(M, -) = R" RouiRiM, -) : R-mod ^m. 

Given a left i?-module M and a short exact sequence of left _R-modules — ^ A^' — ?• ^ N" — > 
we obtain the following long exact sequence. 

^ UouiRiM, N') ^ Homfl(M, N) Homi?(M, N") Ext]^(A/, N') ^ . . . 

. . . ^ ExtJ(M, N') Ext^(M, N) Ext^(M, N") Ext^+^M, A^') • ■ • 

Similarly Homii;(— , A^) : R — moO 2tb is also a contravariant additive left exact functor, so 
we can define its right derived functors Ext^(— , A^) — i?" Hom;j(— , N) : R~ moO 2tb. 

Given a short exact sequence of left i?-modules — > M' — ;> M M" — > and a left i?-module 
A^ we obtain the following long exact sequence. 

^ Homfl,(Af", A^) ^ Hom7j(Af, A^) ^ Hom^XM', A^) -> ExtJj(M", N) ^ . . . 

. . . ^ Ext'^(Af", A^) Ext^(Af, A^) ^ Ext'j^(Af', A^) ^ Ext^+^(Af", A^) ^ . . . 



2.4 Comonad cohomology 

Cartan and Eilenberg unified the cohomology theories of groups. Lie algebras and associative 
algebras by describing them as Ext groups in the appropriate abelian categories. Unfortunately, 
this approach does not work in all categories, for example in the category of commutative algebras. 
The right approach is the comonad cohomology using simplicial methods. This material can be 
found in 3] and [l9| . 

2.4.1 Monads and comonads 

A monad T = (T, -q, /i) in any category £ consists of an endofunctor T : £ — > £ together with two 
natural transformations: 77 : Id^ -^T,pi: ToT = T^^T such that the following diagrams 
commute. 
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IdeT ■ ^ r2 ^ Tide 




T 



The natural transformation rj is called the unit, and the natural transformation /j, is called the 
multiplication. The diagrams are called the associativity, left unit and right unit laws. 

A com,onad G = (G, £,5) in any category £ consists of an endofunctor G : £ — > £ together with 
two natural transformations: e : G — > Id^, S : G ^ such that the following diagrams commute. 




IdcG 




GIdi 



A pair of functors L : £ ^ 03 and : 05 — > £ are adjoint if for all objects A in £ and B in *B 
there exists a natural bijection 

Rom^{L{A),B) ^ ilomc{A, R{B)). 
Natural means that for all / : A — >■ ^' in £ and : B — > B' in *B the following diagram commutes. 

llom<s{L{A'),B)^^ilom^{L{A),B)^^Rom^{L{A),B') 



Hom£(A', R{B)) — ^ Hom£(i, R{B)) Hom£(A R{B')) 

We say that L is the left adjoint of R, and R is the right adjoint of L. 

L ^ 

Let £ , ' <B be an adjoint pair of functors with adjunction morphisms r] : Id ^ RL and 

R 

II : LR — > Id. Then T = ry, RfiL) is a monad on £ and G = (i-R, A*, LrjR) is a comonad on 05. 

Example 2.4. iyei C/ : fiJrp ^ Sets iafce a group to the set of its elements forgetting the group 
structure, and take group morphisms to functions between sets. The left adjoint functor to U, 
is the functor L : (Sets ^ 25rp taking a set to the free group generated by the set. The functor 
T = UL : 6ets ©ets gives rise to a monad and the functor G = LU : &tp &tp gives rise to 
a comonad. 

Let (G be a comonad on £. A morphism / : X — >■ y in £ is called a G-epimorphism if the map 
}iome{G{Z),X) — >■ Hom£(G(Z),y) is surjective for all Z. We require the following useful lemma. 



Lemma 2.5. For all objects X in € the morphism GX ■ 
is a G-epimorphism. 



-^X 
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Proof. For any map h : GZ X, we wish to find a map / : GZ — >■ GX such that fsx = h. We 
define / via the following commuting diagram. 



G{GZ) — ^ G{X) ■ 



5(Z) 



-^X 




Now we need to check that ex°f = h. By the naturality of e, the following diagram commutes. 

GX >X 

G{h) 



G{GZ) 



-^GZ 



&{Z) 



idcz 



GZ 



So ex is a G-epimorphism. 



□ 

Y, the map 



An object P of £ is called G-projective if for any G-epimorphism / : X 

Homa:(-P, ^) llom,r{P,Y) is surjectivc. 

Example 2.6. For any object X in € the object G{X) is G-projective. 
Lemma 2.7. The coproduct of G-projective objects is G-projective. 
Proof. Let -P = Uj -Pi where Pi is G-projective for all i. For a map 

f : X ^Y, one applies the functors Hom(r(P, — ) and Homc(Pj, — ) to get the maps /* : Homg;(P, X) — >• 
Hom(r(P, Y) and /i* : Homu;(Pj, X) — > }iom^{Pi, Y). If / is a G-cpimorphism then is surjective 
for all i. Using the well-known lemma Kom^dJi Pi, Z) = Yii iiom.(r {Pi, Z) one gets that if / is a 
G-epimorphism then f^, = Y[ - fi^ is surjective. Hence P is G-projective if Pi is G-projective for all 
i. □ 

Lemma 2.8. An object P is G-projective if and only if P is a retract of an object of the form 
G{Z). 

Proof. A retract of a surjective map is surjective, so it is sufficient to consider the case P = G{Z), 
which is clear from the definition of a G-epimorphism. □ 

2.4.2 Simplicial methods 

Definition 2.9. A simplicial object in a category £ is a sequence of objects Xo,Xi, . . . ,Xn, ■ ■ ■ 
together with two double- indexed families of arrows in £. The face operators are arrows : X„ — >■ 
Xn-i for < i < n and 1 < n < oo. The degeneracy operators are arrows sjj : X„ — > Xn+i for 
< i < n and < n < oo. The face operators and degeneracy operators satisfy the following 
conditions: 



St O s. 



dn+1 



ifO<i<j<n-hl 

„_i - if < z < j < n 

si-_\odl^, iiO<i<j<n; 
o s-^, = ^ 1, if < i = J < n or < i — 1 = j < n; 

ifO< j <i-l <n. 
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An augmented simplicial object in the category £ is a simplicial object together with another 
object X-i and an arrow e : Xg X-i such that eo d\ = eo d\. 

An augmented simphcial object — > X^i is called contractihle if for each n > — 1 there exists 
a map s„ : Xn Xn+i such that c?" o s = 1 and d'' o s — s o d*^^ for < i < n and 5*^05 = 505 
and s"^ o s = s o s'^^ for < i < n + 1. 

Let X^ be a simplicial object in an additive category *8. The associated chain complex to X^,, 
denoted by C(X,), is the complex 

■ ■ ■ ^ ^ ^ ' • ' ^ ^0 ^ U 

where the boundary maps d = X)"=o(~-'^)*'^* ■ ~^ A'„_i. 

Proposition 2.10. // X^ A^-i is a contractihle augmented simplicial object in an abelian 
category 21, then the associated chain complex C{X^,) is contractible. 

2.4.3 Comonad cohomology 

Let G be a comonad on a category £. For any object A in £, we get a functorial augmented 
simplicial object which we denote by G(A), A. The object of in degree n is G'^'^^{A). 

We define the face and degeneracy operators by 

if, ^ G'eG'-' : G"+i(A) ^ G"(A), 
= G*,5G"-* : G"+i(A) ^ G"+2(A), 

for Q < i < n. The augmenting map is given by e. 



... : Quji^ : Qn~ij^ ■■ . . . ^ ^ 

^ ^ ^ eG 

We call G(A), the G comonad resolution of A. 

Let i? : £ — > be a contravariant functor where 9Jl is an abelian category. The comonad 
cohomology of an object A with coefficients in E is H^{A, E) where 

Hl{A,E) ■.= H-{C{E{<GM))))- 
By definition, H^{A, E) is the cohomology of the associated cochain complex 

^ E{G{A)) ^ E{GHA)) ^ • ■ • 

If M £ A-mod, then we define the cohomology of A with coefficients in M to be the comonad 
cohomology of A with coefficients in Der(— , M) : £ 2tb. 

miA,M) :=i?g(A,Der(-,M)). 

Lemma 2.11. Af) ^ Der(A,M) for all A. 

Lemma 2.12. If A is G-projective then H^{A,M) = /or n > 0. 

Proof. From lemma it is sufficient to check the case where A = G{Z). There exists a contract- 
ing homotopy s„ : G""*"^ — >■ G"+'^ for n > — 1 given by 

s„ G"+M. 

We get that es_i = id, (p„+is,i = id, iposo — s-ie, and ipiSn = Sn~i^i for all < i < n. It follows 
that H^{G{Z),M) = 0, for n>{). □ 
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2.4.4 Andre-Quillen cohomology 

In 1967, M. Andre and D. Quillen [l^ independently introduced a (co)homology theory for com- 
mutative algebras. This theory now goes by the name of Andre-Quillen cohomology. 

Fix a commutative ring k and consider the category £omma[g of commutative fc-algebras. 

The forgetful functor U : Commalg Sets has a left adjoint which takes a set X to the 
polynomial algebra k[X] on X. This adjoint pair gives us a comonad G on Commolg. 

Let i? be a commutative fc-algebras, and M € i?— moO. We define the Andre-Quillen cohomology 
of R with coefficients in M to be comonad cohomology of R with coefficients in Derfc(— , M), 

H^Q{R/k,M) := iJ£(i?,Derfe(-,M)). 

Note that Dcrfc(— , M)) is a functor from the category of commutative fc-algebras Commolg to the 
category of abelian groups 2lb. 

An extension oi Rhy M is an exact sequence 

^ M X R ^0 

where X is a commutative fc-algebra, the map /3 is a commutative fc-algebra homomorphism, the 
map Of is a fc-module homomorphism and 

xa{m) — a{l3(x)m) 

for all a; € AT and all to e M. The map a identifies M with an ideal of square-zero in X. 

Two extensions X, X' with R and M fixed are equivalent if there exists a fc-algebra homomor- 
phism (j) : X X such that the following diagram commutes. 

^ M ^ X ^ R ^ 

^ M ^ X ^ R ^ 

We denote the set of equivalence classes of extensions of R by M by Extalgk{R, M). 
Proposition 2.13. 1. H^Q{R/k, M) ^ Dcrk{R, M). 

2. If R is a free commutative algebra then H^Q{R/k, M) — for n > 0. 

3. H\g{R/k,M) Extalgk{R,M). 

2.5 Harrison cohomology of commutative algebras 

In 1962, D.K. Harrison introduced a cohomology of commutative algebras. The Harrison complex 
is a subcomplex of the Hochschild complex in the case of commutative algebras. The Harrison 
complex consists of the linear functions which vanish on the shuffles. The Harrison cohomology is 
isomorphic to the comonad cohomology for a commutative algebra over a field of characteristic 0, 
however, there is a shift of one dimension. The following material can be found in ^15j . 

2.5.1 Hochschild cohomology 

Let fc be a ring, R be an associative fc-algebra and M be an i? — i?-bimodule. All the tensor 
products in this section are over the ground ring fc. The Hochschild cochain complex of R with 
coefficients in M is given by 

C]^^(i?,A/)=Homfl,= (i?«",M), 
for n > and i?^' = i? R°p. The coboundary maps (5" : C^^(i?, M) C]^]/(i?, M) are given by 
^"(/)(^o, ■■■,rn) ^rof{ri, . . . ,r„) 

n-l 
i=0 

+ (-l)"+V(ro,...,r„_i)r„. 
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Wc can then take the cohomology of the resulting complex to get the Hochschild cohomology 
which we denote by HH"'{R,M). We get that 

HH''{R, M) ^ i?" Hom/je {R, M) ^ Ext^e {R, M). 
2.5.2 Harrison Cohomology 

Let Sn be the symmetric group which acts on the set {1, . . . , n}. A (p,q)-shuffle is a permutation 
(J in S'p+q such that: 

fT(l) < (7(2) < . . . < a{p) and (j{p + 1) < (t{2) < ... <a{p + q). 

For any /e-algebra A and M eA- moD, we let 5'„ act on the left on C:^"{A, M) = M ® A®" by: 

(T • (m, ai, . . . , an) = (m, a^-i(i) . . . , a<^-i(„)). 

Let j4' be another fc-algebra, M' & A' — mo5. The shuffle product: 

-x- = shpg: C^"{A, M) ^(A', M') ^ ®A',M® M'), 

is defined by the following formula: 

(m, oi, . . . , ap) X [m, a'l, . . . , a^) 

= ^ sgn{a)a ■ (m (g) m', ai (g) 1, . . . , (g) 1, 1 (g) a'^, . . . , 1 (g) a^). 

Proposition 2.14. The Hochschild boundary b is a graded derivation for the shuffle product 

b{x xy)^ b{x) xy+{-l)\^\x x b{y), x e C^"{A,M),y e Cf"{A!,M'). 
where the Hochschild boundary b : C^^ {A, M) — >■ {A, M) is given by: 

n-l 

6(m, ai, . . . , a„) =(mai, 02, ... , a„) + ^(-l)X"i, «!, • . • , aiOi+i, •.-,«») 

i=l 

+ (-l)"(o„m, ai, . . . , a„_i). 

Assume that A is commutative and M is symmetric (symmetric means that am = ma for 

all a G ^ and m G M). The product map jj. : A (g) A ^ A is a fc-algebra homomorphism, and 
/i' : A (g M — >• M is a homomorphism of bimodules. Composition of the shuffle map with ji' 
allows us to define the inner shuffle map 

- X - = sh„ : C^"{A, A) ® C^"{A, M) ^ C^^^{A, M), 

given by the formula 

(ao, ai, . . . , Op) X (m, Op+i, . . . , a^+g) = ^ ,s(7n(cr)cr • (ao'n, ai, . . . , flp+g). 

<^=(j',9)-s'i«//'e 

We let J denote 0„>o ^n"{A, A). Note that J C Cf ^(^, A). We define the Harrison chain 
complex to be the quotient Cf^'"''~(A, M) = C^" {A,M) / J.C^^ {A,M). 
Note that 

C'^h{A,M)= Hom^e (A®" , M) ^ HomA® ( A ® A®" , M) 
= Hom^^^e(Cf^(^,A),M). 

We define the Harrison cochain complex by taking 

C*Harr{A,M) := ^iomA^A^iC^"" {A, A), M). 
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For example 

M, 

{feCj,MM)\f{x,y) = f{y,x)}, 
{/ e C%HiA M)\f{x, y, z) - f{y, x, z) + f{y, z, x) = 0.} 

We define the Harrison cohomology of A with coefficients in M to be the cohomology of the 
Harrison cochain complex. 

Harr^{A,M) := H^{C%,„{A,M)). 
Lemma 2.15. Harr^{A,M) '^'Dev{A,M). 

An additively split extension of A by M is an extension of A by M 

^ M X A >0 

where there exists s : A ^ X which is an additive section of p. 

Two additively split extensions {X),{X) with A, M fixed are said to be equivalent if there exists 
a homomorphism of commutative algebras ^ : X ^ X such that the following diagram commutes. 

^X ^A >0 

<P 

^X ^A ^0 

We denote the set of equivalence classes of additively split extensions of ^ by M by AExt(A, M). 
Lemma 2.16. Harr^{A,M) ^ AExt(A,M). 
Proof. Given an additively split extension of A by M 

^ M X A ^0 

there is an additive homomorphism s : A ^ X which is a section of p. The section induces 
an additive isomorphism X Pi A ® M where multiplication in X is given by {a,m){a' ,ni') = 
{aa', ma' + am' + f{a, a')) where the bilinear map f : Ax A^ M is given by 

f{a,a') = s{a)s{a') — s{aa'). 

The map / is a 2-cocycle. Given two additively split extensions which are equivalent, then the two 
2-cocycles we get differ by a 2-coboundary. 

A 2-cocyclc is a map f : Ax A ^ M. We get an additively split extension of A by M given by 
taking the exact sequence 

^M®A ^A ^0 

where addition in M®Ais given by (m, a) + (m', a') = {m + m' ,a + a') and multiplication is given 
by 

(m, a){m', a') = (a'm + am' + f{a, a'), aa'). 

Given two 2-cocycles which differ by a 2-coboundary, then the two additively split extensions we 
get are equivalent. □ 

A crossed module consists of a commutative algebra Co, a Co-module Ci and a module homo- 
morphism 

Ci ^ Co , 

which satisfies the property 

p(c)c' = cp(c'), 



CL..(AM) = 

Cl,„{A,M) = 
Cl,„{A,M) = 



19 



for c, c' S Ci. In other words, a crossed module is a chain algebra which is non-trivial only in 
dimensions and 1. Since C2 = the condition p{c)c' = cp{c') is equivalent to the Leibnitz 
relation 

= p(cc') ^ p{c)c' - cp{c'). 

We can define a product by 

c * c' := p{c)c' , 

for c, c' £ Ci . This gives us a commutative algebra structure on Ci and p ; Ci — )■ Cq is an algebra 
homomorphism . 

Let p : Ci — >■ Co be a crossed module. We let M = Ker(p) and A = Coker(p). Then the image 
Im(p) is an ideal of Co, MCi — CiM — and M has a well-defined A- module structure. We say 
such a crossed module is a crossed module over A with kernel M . 

A crossed extension of A by M is an exact sequence 



0- 



Af ■ 



Ci 



Co 



■A- 







where p : Ci Co is a crossed module, 7 is an algebra homomorphism, and the module structure 
on M coincides with the one induced from the crossed module. 

A morphism between two crossed extensions consists of commutative algebra homomorphisms 
ho : Cq —¥ Co and /ii : Ci — >■ C( such that the following diagram commutes: 




Let Cross{A^M) denote the category of crossed modules over A with kernel M, and let 
7roCross(v4, M) denote the connected components of Cross{A,M). 

Definition 2.17. An additively split crossed extension of A by M is a crossed extension of A by 

p „ 7 



0- 



Ci 



■Co 



A- 







(2.1) 



such that all the arrows in the exact sequence 12. II are additively split. 

We denote the connected components of the category of additively split crossed extensions over 
A with kernel M by TrQACross{A, M). 

Lemma 2.18. If j : Cq ^ A is k-algehra homomorphism then 

Harr'^i-f : Co A, M) = 'KoACross{-i : Co -> A, M), 

where Harr*^^ : Co — >■ A, M) and '!ToACross{'^ : Cq —¥ A, M) are defined as follows. Consider the 
following short exact sequence of cochain complexes: 



0- 



■C'harriAM) 



0. 



We define the cochain complex C|f^^j,(7 : Co — A, M) := Coker(7*). This allows us to define the 
relative Harrison cohomology 

Harr*{^ : Co -> A, M) H*{C*h,„{j : Co ^ A, M)). 

We let ACross{j : Co — > A,M) denote the category whose objects are the additively split crossed 
extensions of A by M 



0- 



M ■ 



Ci 



■Co 



A- 



■0 



with 7 : Co — > A fixed. A morphisms between two of these crossed extensions consists of a morphism 
of crossed extensions with the map ho : Co ^ Co being the identity. 




Note that ACross{'y : Cq — ?■ A,M) is a groupoio 
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Proof. This proof is very similiar to a proof given in [l3| for the crossed modules of Lie algebras. 
Given any additively split crossed module of A by M, 

^ M Ci Co A ^ 0, 

we let V — Ker 7 — Im p. There are /c-linear sections s : A — > Co of 7 and a : V ^ Ci oi 
p : Ci ^V. We define the map g : A® A Cihy. 

g{a, b) = a{s{a)s{b) — s{ab)). 

We also define the map w : Co — )■ Ci by: 

uj{c) — a{c — 57(0)). 

By identifying M with Ker (5, we define the map f : Cq (S^ Cq M by: 

/(c, c') = g(7(c), 7(c')) + c'cj(c) + cw(c') - w(c) * cj(c') - cj(cc'). 

Since g{c,c') — g{c',c), it follows that f{c,c') = f{c',c) and so / G C|j^^^(Co, A/). We define the 
map w e C|f^^^(A, M) by: 

^^(a;, y, z) = s{x)g{y, z) - g{xy, z) + g{x, yz) - g{y, x)s{z). 

Note that w vanishes on the shuffles since g{x,y) = g{y,x). 
Consider the following commuting diagram. 

Cl^rM. M) C|,„(Co, M) ^ C|,,,,(7 : Co ^ A, M) 

s s 
C|f„,(A, M) C%,„{Co, M) C|,„„(7 : Co ^ A, M) 

A direct calculation shows that Sf — G C'^(Co,Af). We also have that (5k*/ = ~ 
K*^*w = 0, this tells us that k*/ is a cocycle. If we have two equivalent additively split crossed 
modules then we can choose sections in such a way that the associated cocycles are the same. 
Therefore we have a well-defined map: 

ACross{^ : Co ^ A, M) i/|r,„(7 -Co^A, M). 

Inversely, assume we have a cocycle in Cjj^^^{j : Co A,M) which we lift to a cochain 
/ e Cjjarri^o, M). Let V = Ker 7. We define Ci = M x V as a module over k with the following 
action of Co on Ci: 

c(m, v) :— (cm + f{c, v), cv). 

It is easy to check using the properties of / that this action is well defined and together with the 
map p : Co — > Ci given by p{m, v) = v, we have an additively split crossed module of A by M. □ 

Lemma 2.19. If k is a field of characteristic then 

Harr^{A, M) = TioACrossiA, M). 
Proof. From the definition of C^^^^{'^ : Co — > A, M) we get the long exact sequence: 

^Harr^{A,M) ^ Harr^{Co,M) ^ (2.2) 

Harr^i-y : Cq A, M) ^ Harr^{A, M) ^ 

Given any additively split crossed module in TToACross{A,M), 

^ M Ci Co A ^ 
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we can lift 7 to get a map Pq A where Pq is a polynomial algebra. We can then use a pullback 
to construct Pi to get a crossed module where the following diagram commutes: 

^ M Ci Co A ^ 



^ M ^ Pi ^ Po ^ A ^ 0. 

Note that these two crossed modules are in the same connected component of 7TQACross{A, M). 
By considering the second crossed module in the long exact sequence, we replace Cq by Pq to get 
the new exact sequence: 

^ Harr^i-f : Pq ^ A, M) Harr^{A, M) ^ (2.3) 

since Harr'^{Po,M) = and Harr^{Po,M) = 0. 

The exact sequence 12.31 tells us that every element in Harr^{A, M) comes from an element in 
Harr^{'-f : Pq ^ A, M) and the previous lemma tells us that this comes from a crossed module in 
TroACross{A,M). Therefore the map TToACross{A, M) Harr^{A,M) is surjective. 

Assuming we have two crossed modules which go to the same element in Harr^{A, M), 

^ M Ci Co A ^ 0, (2.4) 

^ M C[ C'o A ^ 0. (2.5) 

There exist morphisms 

^ M Ci Co A ^ 



^ M ^ Pi ^ Po ^ A ^ 



^ M ^ P2 ^ Po ^ A ^ 

^ M C[ C'o A ^ 

where Po is a polynomial algebra and Pi,P2 are constructed via puUbacks. These give us two 
elements in Harr^{'j : Po -> A, M) which go to the same element in Harr^{A, M). However the 
exact sequence [231 tells us that the two crossed modules l2.4l and f2.5l have to go to the same element 
in Harr^{'-f : Po A,M). The previous lemma tells us that the two crossed modules 12.41 and 12.51 
go to the same element in ACross{^ : Cq — )> A, M) which is a groupoid, so there is a map P2 — > Pi 
which makes the following diagram commute: 

^ M Ci Co A ^ 



^ M ^ Pi ^ Po ^ A ^ 



^ M ^ P2 ^ Po ^ A ^ 

M C[ C'o A 

Therefore the two crossed modules l2.4l and [^751 are in the same connected component of TroACross{A, M) 
and the map 'iToACross{A,M) Harr^{A, M) is injective. □ 
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2.6 Baues-Wirsching cohomology 



The following material can be found in [J]. A category X is said to be small if the collection of 
morphisms is a set. Consider a small category X. The category of factorizations in X, denoted by 
J-X, is the category whose objects are the morphisms f,g,... in I, and morphisms f ^ g are pairs 
(a,/?) of morphisms in X such that the following diagram commutes. 



f 
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Composition in TX is given by (a', /3')(q!, /3) = (a'a,/3/3'). A natural system of abelian groups on 
I is a functor 

D : TX^m. 

There exists a canonical functor X'X X°p x X which takes f : A ^ B to the pair {A, B). This 
functor allows us to consider any bifunctor D : X°p x I — > 2tb as a natural system. Similarly, the 
projection X°p x X X gives us the functor J^X X which takes f : A ^ B to B. This allows us 
to consider any functor Z? : I — 2lb as a natural system. 

Following Baues-Wirsching [4j, we define the cohomology Hg^^{X, D) of X with coefficients in 
the natural system D as the cohomology of the cochain complex ^^^^{X, D) given by 



Oil . . .aji-.tn—^ . . . — ^iQ 

where the product is indexed over n-tuples of composable morphisms and the coboundary map 

d:C'^^{X,D)^C'^+^{X,D), 

is given by 

(4f)("l • ■ • ttn+l) =(ai)*/(a2, • ■ • , ttn+l) 
n 

+ ^{~^y f{(^i, ajaj+i,. . . , Q!„+i) 
i=i 



+ (-i)"+^K+i)*/(«i,. -.,««). 

Lemma 2.20. Let io E X be an initial object and F : X ^ 2tb a functor then 



F{io) for n = 
for n > 0. 
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Chapter 3 
^-rings 



3.1 Introduction 

In this chapter, only the material in this section is already known and everything from section 15^ 
onwards is new and original material. Note that in all of the cited material, including [l[ , [13] and 
[20I I , what the authors call a ^-ring is what we call a special ^'-ring. Also note that in our notation 
N does not include 0. 

A-rings are complicated, and given a A-ring it is often difficult to prove it satisfies the A-ring 
axioms. We start by introducing another kind of ring, the ^t-rings, which are closely related to the 
A-rings by the Adams operations. The axioms for the VlZ-rings are a lot simpler than those for the 
A-rings. 

Definition 3.1. A '^-ring is a commutative ring with identity, R, together with a sequence of 
ring honiomorphisms ^t* : i? ^> i?, for i G N, satisfying 

1. vl/i(r) = r, 

2. *'(*J(r)) = ^^^{r), 
for all r e _R, and i,j £ N. 

We say that a ^P-ring R is special if it also satisfies the property 



for all primes p and r G R. 

Example 3.2. Any commutative ring with identity, R, can he given a "^-ring structure by setting 
: i? ^ i? to &e \I''(r) = r for all r G R and i £ N. 

Let i?i,i?2 be ^-rings. A map of '^-rings is a ring homomorphism / : i?i — > R2, such that 
^*(/(^)) — /(^^C*")) foi' s-ll r G i?i and i G N. The class of all ^f-rings and maps of vj^-rings form 
the category of ^P-rings, which we denote by vj^—rings. 



For usual rings, the modules provide us with the coefficients for the cohomology. In this section we 
define the ^P-modules for ^'-rings which provide us with the coefficients for the ^P-ring cohomology. 
We then use this to create the ^'-analogue of some of the results for rings. 

Definition 3.3. We say that M is a '^-module over the ^I^-ring R if M is an _R-module together 
with a sequence of abelian group homomorphisms tp^ : M M , for i G N, satisfying 

1. ip^{m) = m. 



\l/''(r) = r' 



■p 



mod pR, 



3.2 ^-modules 



2 



^'^{rm) = '^^{r)^^{m), 



3 
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for all m <E M , r e R, and z, j G N. 

Let M, N be two ^'-modules over R. A map of Vf-modules is a module homomorphism f : M 
N such that f{m) = fip^{m) for all m G M and i G N. We let i?— moO^. denote the category of 
all ^-modules over R. 

We say that M is special if R is special and 

^P{m) = mod pM, 

for all primes p and m d M. 

Note that any ^P-ring can be considered as a ^E'-module over itself. Also note that if M is 
special, then 'ip^{m) = mod iM for alH G N and m € M. 

For the rest of this chapter, we let R denote a ^f-ring and M G R—mo^^. We let R denote the 
underlying commutative ring of R, and we let M_ denote the underlying i?-modulc of Af . 

Lemma 3.4. The set i? x Af with 

(r, m) + (s, n) = (r + s, m + n), 
(r, m)(s, n) = (rs, rn + ms), 

together with maps ; i? xi A/ — J> i? xi Af for i G N given by 

^f''(r, m) = V'^Cm) + e\r)), 

for a sequence of maps : R M for i G N, is a '^-ring if and only if 

1. e^{r) = 0, 

2. e\r + s) = e'(r) +£'(s), 

3. e'{rs) = **(r)£*(s) + £*(r)**(s), 
I e'3{r) ^ V'^^'W 

for all r, s G R, and i,j G N. 

Proof of lemma. It is known that R x M_ is a commutative ring with identity. Hence it is sufficient 
to check that : i? x A/ -4 i? x Af satisfies the ^-ring axioms. 

1. ^^^(rjm) = (vl'i(r), tAH™) +e"^(?')) = {r.m + e'^{r)) 
Hence 5'^(r, m) = (r, m) if and only if £^{r) = 0. 

2. *'((r, to) + (s, n)) = (**(r) + **(s), V'Hm) + %p\n) + £*(r + s)) 
**(r, to) + 4-^(5, n) = (**(r) + 5'*(s), V'*(m) + ?/;'(") + £'(0 + £*(s)) 
Hence 5'*((r, m) + (s,ri)) = ^''(r, to) + 5'*(s,n) if and only if 

e»(r + s) = £'(r) + £''(s). 

3. ^'((r, to)(s, n)) — (5'*(rs), %l}^{rn + tos) + £'(rs)) 

*'(r, to)**(s, n) = (**(rs), V'^l™ + ms) + **(r)£*(s) + £*(r)**(s)) 
Hence 5'*((r, m){s, n)) = '^^{r, to)5'*(s, n) if and only if 
e'{rs) = **(r)£'(s) + e'{r)^'{s). 

4. ^'^^'^■(r,TO) = (*^*^(r),V''V'^'(TO) + V^'e^'W 
^iy(r,m) = (***-''(r),V''V'^'(m) +£*J(r)) 

Hence ***J (r, m) = ^^■'■(r, to) if and only if e'^ (r) = ?/'*£■'' (r)) + £*^'-' (r). 

□ 

The maps £* : i? -> Af given by £*(r) = 0, for all r G i? and i G N, satisfy properties 13.41 1- 15^ 4 
meaning that the maps ^I^* : i? x Af i? x Af given by ^*(r, m) = (4'*(r), ip^{m)) give us a ^'-ring 
structure on f? x Af. We call this the semi-direct product of R and Af^, denoted by f? x^ Af . 

We note that if R and Af are both special, then f? x,j, Af is also special. 
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3.3 derivations 



The Andre-Quillen cohomology for commutative rings is given by the derived functors of the 
derivations functor. For a commutative ring S, the derivations of S with values in an S'-module N 
are in one-to-one correspondence with the sections of S' x iV — S ■ We define the ^^-derivations 
and show that they are in one-to-one correspondence with the sections of i? x * M — R . 

Definition 3.5. A -derivation of R with values in AI is an additive homomorphism d : R ^ M 
such that 

1. d{rs) — rd{s) + d{r)s, 

2. ?A'(d(r)) = d(*'(r)), 

for all r,s e R, and i e N. We let Dei^{R, M) denote the set of all ^t^-derivations of R with values 
in M. 

Example 3.6. Let R and M be such that '^^ = Id = ij/ for all i e N, then 

DeT^{R,M) = Der(i?,M). 

Theorem 3.7. There is a one-to-one correspondence between the elements ofDeTq,{R,M) and the 
sections of Ry\^ M — R . 

Proof of theorem. Assume we have a section of tt, then we have the following 

IT 

R XI* M , ' R. 

a 

where ttct = Id^.- Hence <j(r) — (r, d(r)) for some d : R ^ M . The properties 

d{r-\-s) ==fi(r) +<i(s), 
d{rs) —d{r)s + rd(s), 

follow from cr being a ring homomorphism. However a also preserves the ^'-ring structure, so we 
get that *V(r) = cr**(r). We know that 

5fV(r) = r(r,d(r)) = (*^(r), V/(d(r))), 

a^>\r) = (^'Xr),d(^'*(r))). 

Hence ^'V(r) = cr^''(r) if and only if ip'^d{r) ~ d'i'^{r). This tells us that if is a section of tt, 
then we have a Vt-derivation d. 

Conversely, if we have a ^'-derivation d : R ^ M, then a{r) = (r, d{r)) is a section of tt. □ 

3.4 ^'-ring extensions 

We have seen in proposition 12.131 that the Andre-Quillen cohomology H\q(R, M) classifies the 
extensions of R by M. In this section, we develop the ^-analogue of extensions. 

Definition 3.8. A '^-ring extension of R by M is an extension of i? by M 

a P 

^ M ^ X ^ R ^ 

where X is a ^f-ring, /3 is a map of 'I'-rings and ail)"^ = ^'"a for all n G N. 

Two ^P-ring extensions (X), (X) with R, AI fixed are said to be equivalent if there exists a map 
of ^P-rings (p : X X such that the following diagram commutes. 

^ M ^ X ^ R ^ 

^ AI ^ X ^ R ^ 

We denote the set of equivalence classes of ^f-ring extensions of i? by M by Ext>i,(i?, AI). 
The Harrison cohomology Harr^ {R, M_) classifies the additively split extensions of R by M. 
We can also define the VlZ-analogue of these types of extensions. 
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Definition 3.9. An additively split ^-ring extension of i? by M is a ^f-ring extension of i? by M 

^ M X R >0 

where /? has a section which is an additive homomorphism. 

Multiplication in X = R® M has the form (r, m){r', m') = {rr',mr' + rm' + f{r, r')), where 
f : Rx R^ M is some bilinear map. Associativity in X gives us 

= r/(r', r") - f{rr', r") + f{r, r'r") - f{r, r')r". 

Commutativity in X gives us 

f{r,r') = f{r',r). 

The ^'-operations : R(BM R^M for i e N arc given by *'(r, m) = ('I'*(r), 
for a sequence of operations s'^ : R ^ M which satisfy the following properties 

1. eHr) = 0, 

2. e'(r + s) = e'{r) +e%s), 

3. s^{rs) = **(s)£'(r) + **(r)£*(s) + /(**(r), **(s)) - ^'(/(r, s)), 

for all r,s G R and i, j G N. 

Assuming we have two ^f-ring extensions {X, e, /), {X,e, /) which are equivalent, together with 
a ^'-ring map (/) : X ^ X with (t>{r, m) = (r, m + g{r)) for some g : R ^ M. We have that ^ being 
a homomorphism tells us that 

g{r + r') = g{r) + g{r'), 
f{r, r') - J{r, r') = rg{r') - g{rr') + g{r)r'. 
We also have (^(*') = '^{(p) for all i e N, which tells us that 

e\r)-r{r)=r{gir))-gmr)). 

We denote the set of equivalence classes of the additively split \I'-ring extensions of J? by M by 
AExt^/(ii,M). 

Definition 3.10. An additively and multiplicatively split ^-ring extension of i? by M is a ^-ring 
extension of i? by M 

^M— ^X— ^i? ^0 

where has a section which is an additive and multiplicative homomorphism. 

As a commutative ring X = R>i M, i.e. / = above. The \l/-operations '^'^ : X ^ X for i €N 
are given by ^'(r, m) = il)''{m) + £'(r)) for a sequence of operations s'^ : R^ M such that 

1. e\r) = 0, 

2. e'{r + s) = e\r) +e'{s), 

3. e'(rs) = ^\s)e'ir) + ^'{r)e'{s), 

4. e^J(r) = T/'^e^Xr) +e'*^'(r), 

for all r,s G R and i,j G N. Note that conditions 2 and 3 tell us that e' G Der(i?,M') where 
Af* denotes the ^-module over R with M as an abelian group and the action of R given by 
(r, to) !->■ \l>*(r)TO, for r G i?, TO G M. 

Assume we have two additively and multiplicatively split ^f-ring extensions {X, e), {X,e) which 
are equivalent, together with a ^f-ring map (p : X ^ X with (p{r,m) — {r,m, + g{r)) for some 
g : R ^ M. Since ^ is a ring homomorphism we get that g G Der(^,M). Since 4> is a. map of 
^-rings we get that 

s\r)-r{r)=r{g{r))-g{^\r)), 

for all i G N. 

We denote the set of equivalence classes of the additively and multiplicatively split \E'-ring 
extensions of ii by M by MExt*(i?, M). 
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Example 3.11. Let R and M be such that •<l!^ = Id = V'* for all i G N, then 

MExt*(ii,M) ^ Yl Der(^,M). 

p prime 

Lemma 3.12. There exist exact sequences 

^ MExt*(i?, M) ExWiR, M) H\q{R,M) — ^ "^jf^f^ 

^ MExtvp {R, M) AExt* {R, M) Harr^ {R, M) ^Tm(f)~^ ^ 

where w is the inclusion, and u maps the class of a '^-ring extension to the class of its underlying 
extension. 

Proof. We only need to check exactness at Ext^(i?, M) and AExt^(i?, M). A class in Ext^(i?, M) 

or AExtii,(_R, M) belongs to the kernel of u if the underlying class is the trivial class. The additively 
and multiplicatively split extensions are precisely the \l/-ring extensions whose underlying extension 
is trivial. Exactness follows. □ 

From the definitions, we see that Ext* (i?,M) D AExt* (i?,M) D MExt* (i?,M). 
If R and M are both special, then we say that a ^f-ring extension 

^X—^R ^0 

is special if X is also special. 

We denote the set of equivalence classes of the special ^'-ring extensions of by M by 
Ext*3 (i?,M). Similarly, we can define AExt*^ (ii,M) and MExt*, (i?, M). 



3.5 Crossed ^^-extensions 

A crossed ^-module consists of a ^f-ring Co, a ^'-module Ci over Co and a map of ^-modules 

Ol >■ Oo , 

which satisfies the property 

d{c)c' = cd{c'), 

for c, c' e Ci . In other words, a crossed 'J'-module is a chain algebra which is non-trivial only 
in dimensions and 1. Since C2 = the condition d{c)c' = cd{c') is equivalent to the Leibnitz 
relation 

= a(cc') = d{c)c' - cd{c'). 

We can define a product by 

c * c' := d{c)c', 

for c, c' S Ci. This gives us a ^-ring structure on Ci and 9 : Ci — > Co is a map of ^f-rings. 

Let a : Ci -J> Co be a crossed ^-module. We let M = Ker(a) and R = Coker(a) Then the 
image Im(c?) is an ideal of Cq, MC\ = C\M = Q and M has a well-defined ^'-module structure 
over R. 

A crossed '^-extension of i? by M is an exact sequence 

> M Ci Co R > 

where 9 : Ci — >^ Co is a crossed 'J'-module, 7 is a map of ^'-rings, and the 'J'-module structure 

on M coincides with the one induced from the crossed Vf-module. We denote the category of 
crossed ^f-extensions of i? by M by Cross^{R, M). We let noCross^s,{R, M) denote the connected 
components of the category Cross\s{R,M). 

An additively split crossed ^-extension of J? by M is a crossed ^-extension 

> M Ci — ^ Co R > (3.1) 
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such that all the arrows in the exact seauence l3.1l are additively split. We denote the connected com- 
ponents of the category of additively split crossed Vf-extensions of i? by M by 7roACross*(i?, M). 
An additively and multiplicatively split crossed -extension of i? by M is a crossed \E'-extension 

-A/^^Ci^-Co^^i? -0 

such that TT is additively and multiplicatively split. We denote the connected components of the cat- 
egory of additively and multiplicatively split crossed XlZ-extensions of i? by M by 7roMCross*(i?, M). 

3.6 Deformation of ^-rings 

In this section, we apply Gerstenhaber and Schack's definition of a deformation of a diagram of 
algebras 7] to the case of ^I^-rings. 

Definition 3.13. Let 

at = ao + tax + t^a2 + ■ . ■ 

be a deformation of R, i.e. be a formal power series, in which each afc : i? x i? — > i? is a bilinear 
map, q;o is the multiplication in R and at is associative and commutative. 
For each z e N, let 

*j = + #1 + ^^2 + • ■ • 

be a formal power series, in which each ^/;^. is a function 

i^l-R^R, 

satisfying 

1. i^lir) = 

2. ^i(r)=0, 

3. ^l{r + s) = ^l{r)+^l{s), 

for all i,j, fc G N and r,s E R. We call {at, ^'j ) a '^-ring deformation of R. 

We call (ai, '01 ) the infinitesimal deformation of [at, '^*t)- The infinitesimal ^t-ring deformation 
{ai,il)i) is identified with the additively split ^-ring extensions of i? by i? by setting f = ai and 
= for all i G N. 

Definition 3.14. We define a formal automorphism of the ^'-ring i? to be a formal power series 

$t ^ cj)Q+t(j)i+t^(j)2 + ... 

where each (j)k R ^ R such that 

1. 0o(r) = r, 

2. (j)k{r + s) = 0fc(r) + 0fc(s). 

Two ^'-ring deformations [at, ^l) and (jxt, ^t ) ^'^s equivalent if there exists a formal automorphism 
$t such that $tat(r, s) = at($tr, $ts) and <i>(*t = "^I^t- 

If two vjf-ring deformations {at,'^l) and (at,^j) are equivalent, then the differences satisfy 

ai{r,s) — ai(r, s) = r(j)i{s) — (j)i{rs) + s0i(r) and ip\ — ip\ = '^'■cjii — ^i^"* for all i G N. Hence 
the equivalence classes of the infinitesimal ^'-ring deformations are identified with the equivalence 
classes of the additively split ^f-ring extensions, AExt*(-R, i?). 

Yau [2^ defined the cohomology of A-rings in order to study deformations with respect to 
the ^f-operations corresponding to the A-ring. Here, I provide an alternative definition to Yau's 
definition. A deformation of the ^'-operations should be a ^f-ring deformation (at,'^l) where at 
is the trivial deformation. If we let ak = for all /c > 1 in the definition of a ^'-ring deformation 
then we get the following definition. 
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Definition 3.15. For each i e N, let 

be a formal power series, in which each is a function 

such that 

1. VS(r) = *'(r), 

2. Vfc(r-) = for fc > 1., 

3. vi(^+«) = V'i(r-)+vi(s), 

for all i, j, fc S N and r. ,s G R. We call a '^-operation deformation of 7?. 

The infinitesimal ^f-opcration deformation iJjI is identified with the additively and multiplica- 
tively split \I'-ring extensions of i? by i? by setting e* = ^pl for all i gN. 

If two 'J'-operation deformations and ^* are equivalent, then the difference satisfies ipl — = 
- (/"i** for aU i e N. Note that now $f(rs) = $t(r)$t(.s) so we get that 01 G Dct{R,R). 
Hence the equivalence classes of the infinitesimal ^'-operation deformations are identified with the 
equivalence classes of the additively and multiplicatively split ^-ring extensions, MExt,f (i?, R). 
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Chapter 4 

A-rings 



4.1 Introduction 

In this chapter, only the material in this section and section [TBI is already known (see [3! and 
[20I I) and everything else is new and original material. Note that in our notation No = N U {0}. 

In this chapter, we start by introducing the concept of a pre-A-ring. After giving the definition, 
we will look at some examples of pre- A-rings. Later, we introduce the definition of A-rings, which 
are pre- A-rings which satisfy some additional axioms. Then we will look at which of the pre-A-ring 
structures also give us A-rings. 

Definition 4.1. A pre-X-ring is a commutative ring R with identity 1, together with a sequence 
of operations A* : i? — > i?, for i 6 No, satisfying 

1. AO(r) = 1, 

2. Ai(r) = r, 

3. A*(r + .s) = Y.l^„X''{r)X'-''{s), 

for all r,s G R and i e No . 

To be able to describe examples of pre- A-rings or A-rings it is often useful to consider, for r € R, 
the formal power series in the variable t 

00 

1=0 

^X°{r)+X\r)t + X^r)t^ + ... 

Note that 

Xt{r + s) = A°(r + s) + X\r + s)t + X'^{r + s)t'^ + X^{r + s)t^ . . . 

= 1 + (r + s)t + I]LoA^r)A^-^-(.)t2 + j:l^^X''ir)X'-\s)t' + ... 
= (1 + r< + X^ir)t^ + . . .)(1 + St + X^s)t^ + . . .) 
^ Xt{r)Xt{s). 

This gives us an equivalent definition of a pre-A-ring. 

Definition 4.2. A pre-X-ring is a commutative ring R with identity 1, together with a sequence 
of operations A* : i? — s> _R, for i G No, satisfying 

1. AO(r) = 1, 

2. Ai(r) = r, 

3. Xt{r + s)^ Xt{r)Xt{s), where Xt{r) = E.>o ^'W*'' 
for all r,s G R and i gNq. 
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Example 4.3. We can get a pre-X-ring structure on Z by taking 

At(r) = {l + t + n2t^ + nst^ + . . .)^ 

where 1 + t + n2t^ + n^t^ + . . . is a power series with integer coefficients. 
We can get a pre-X-ring structure on M by taking either 

1. Xt{r) = (1 + t + ?i2t^ + n^t^ + . . .)'', where 1 + < + n2t^ + U'^t^ + . . . is a power series with 
integer coefficients, or 

2. Xt{r) = e*''. 

The A-ring axioms involve some universal polynomials. We are now going to introduce the 
elementary symmetric functions in order to define these universal polynomials. 

Definition 4.4. Let £^i,£^2, ■ ■ ■ ,£,q',ViiV2, ■ ■ ■ ,Vr be indeterminates. Define Si and crj to be the 
elementary symmetric functions of the ^^s, r/'^s, i.e. 

(1 + Sit + S2t'^ + ...+) = n,(i + i,t), 

(1 + ait + (72*^ + ...+) = nj(l + rijt). 

Let Pk{si, S2, . . . , Sfc; ci, (T2, • • • , ffc) be the coefficient of t^ in njj(l + S^irjjt). 
Let Pfcj(si, S2, ■ • ■ , su) be the coefficient of t^ in ni<ij<...<i,<g(l + ^j^^^^ . . . 

Example 4.5. ^ee a/so appendix\B^ 

• Pi{si;ai) = siCTi, 

• P2{SI,S2; 01,02) = 0-2 - 2S2CT2 + S2o\, 

• -^14(^1) = 

• -Pl,2(si, S2) = -P24(S1) S2) = S2, 

• -P2,2(si, S2, S3, S4) = S1S3 - S4. 

Definition 4.6. A X-ring is a commutative ring i? with identity 1, together with a sequence of 
operations X : R ^ R, for i G No, satisfying 

1. i? is a pre- A- ring, 

2. At(l) = 1 + t, 

3. y (rs) = P,{X\r), X^r), . . . , A^(r), Ai(s), . . . , A* (s)), 

4. A'(AJ(r)) =F,,,(Ai(r),...,A*^(r)), 

for all r, s e i? and i, j G Nq. 

Since A^ is the identity, it follows that Pk,i{si, . . . , Sk) — Pi^k{si, ■ ■ ■ , Sk) = st- In general, 
Pk,j 7^ Pj,k, so the A-operations do not commute. 

Example 4.7. The simplest example of a X-ring is Z, together with binomial coefficients A*(r) = 
(^) . The additional axioms for X-rings eliminate the more exotic pre-X-ring structures. From \J73\ 
the only X-rings are taking Xt{r) = (1 + ty , which gives us a X-ring structure on Z or M. 

Corollary 4.8 (Some properties of A-rings). 1. The characteristic of R is zero. 

2. A*(l) = /or i > 2. 

Proof of corollary. 1. Let j be any integer. 

XtU) = At( i + i + ... + i ) - Xt{iy = (1 + ty ^ 0. 

j times 

2. This follows from 14:611. 

□ 
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A map of X-rings i?i — )■ i?2, is a ring homomorphism / : i?i — t- i?2, such that 
^^ifi^)) = /(-^*('')) for all r G i?i and i G Nq. The class of all A-rings and maps of A-rings form 
the category of A-rings, which we denote by A— rings. 

The A-operations are often difficult to work with as they are neither additive nor multiplicative. 
We can get ring maps from the A-operations, which are the Adams operations : i? — i? for 
i e N, defined by the Newton formula 

^'{r) - Ai(r)**-i(r) + . . . -|- {~iy-^X''^{r)^^{r) + {-iyiy{r) = 0. 

Example 4.9. See also avvendixVA[ 

= ^-3(3)A\r) - ■^^{r)\^{r) + ^^{r)\^{r) - A\'^{r). 



By rearranging and making substitutions we get the following 

*i(r) ^ \^{r) = r, 

^ - 2X^{r), 
*3(r) =r^ - SrX^ir) + SX^ir), 

*4(r) =r^ - Ar^X^ir) + 4rX^{r) - 4A'^(r) + 2{X'^{r))\ 



It is known that in general 



( ' 
2A2(r) 



^i'(r) = det 



3A3(r) A2(r) r 



V iX\r) y-^{r) 



X\r) 



\ 




A2(r) r / 



Theorem 4.10. If R is a X-ring then the Adams operations give us a special '^-ring structure on 
R, which we denote by R^, . 

We will require the following useful theorem from [l^ (p.49). 

Theorem 4.11. Let R be a torsion- free pre-X-ring. Let : R R be the corresponding Adams 
operations. If R together with the -operations form a '^-ring, then R is a X-ring. 

The proof of this theorem can also be found in [l4[ . 

Example 4.12. Consider the simplest example of a X-ring, Z, together with binomial coefficients 
A'(r) = . The Adams operations give us ^'(r) = r for all r G X and i E N, which we have 
already seen gives us a "^-ring structure on Z. 



4.2 A-modules 

For usual rings, we have modules which provide us with the coefficients for the cohomology. We now 
define the A-modules for A-rings which provide us with the coefficients for the A-ring cohomology. 

Definition 4.13. M is a X-module over the A-ring R if M is an _R-module together with a sequence 
of abelian group homomorphisms A* : M — !> Af, for i G N, satisfying 

1. A^(m) = m. 
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2. A'(rm) = *'(r)A'(m), 

3. A'J(m) = (-l)('+i)(^+i)A'A^(m), 

for all m e M,r e R and «, j e N. 

Let M, be two A-modules over R. A map of A-modules is a module homomorphism / : Af — > 
A^ such that A^f{m) = /A*(m) for all to £ M and i G Nq. We let R—moZix denote the category of 
all A-modules over R. 

The main motivation for our definition of a A-module is as follows. First we let R and X be 

two A-rings and 13 : X ^ Rhc a map of A-rings. Assume M = Ker /3 is a squarc-zcro ideal. Since 
A'(0) = 0, for i > 0, there are maps A* : M — >• M, for i > 0, which make the following diagram 
commutes: 




^0. 

The properties of the A-operations follow from the properties of the A-operations. For example, 

aA*(rTO) =A*a(rTO) 

=A'(a;Q;(TO)), 

for some x G X with P{x) = r. Therefore, 

Q!A'(rTO) = Pi{X^{x), ...,y{x), X^{a{m)), . . . X\a{m))). 

However a{m)a{n) = for all to, n e M so most of the terms vanish leaving 

aA*(rTO) = a*'(r)A'(TO). 

For the rest of this chapter, we let R denote a A-ring and M £ R — moVx- We let R denote the 
underlying commutative ring of R, and M denote the underlying ^-module of M. 

Example 4.14. In general, R is not a X-module over itself unless the multiplication in R is trivial. 
However we can consider the sequence of operations A'^ : R R given by A*(r) = (— l)(*"'"^-*^'*(r). 
With these A-operations R is a X-module over R. 

Theorem 4.15. The Adams operation ip"^ : M ^ M given by 

^l,^{m) = (-l)("+i)nA"(TO), 

give us a special ^-module structure on M over R^, which we denote by M^. 

Proof. 1. il)^{m) = A^(to) = to, 

2. +TO2) = (-l)'+^iA'(TOi +TO2) = (-l)'+iiA*(TOi) + {-iy+HA'{m2) 
= V^'Cmi) +'^'(to2), 

3. V*(r-m) = {-iy+HA'{rm) = {-iy+H'^'{r)A'{m) = *'(r)^'(m), 



4. V*(^^'M) = tP^{{-l)'-J+'^^jAJ{m)) = (-l)(*+J)ijA'(AJ(TO)) 
= (-l)fe+i)ijA*^(TO) = ^l;(-'^\m). 



Wc will require the following useful lemma. 
Lemma 4.16. 

^[{-iy+'Xi{r,m)^''-'{r) + {-ir+Hy{r)A--\m)] = 0, 

i=l 

for all r £ R,m G M and v >2, where Xj('';"^) = J2]=i A^ {m)X^^^ {r). 



□ 
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Proof. We are going to use proof by induction on u. Consider the case when u = 2. 

LHS =(-l)'xi (r, m)*i (r) + {-ifx" ir)A' (m) 
=mr — rm 
=0. 

We are also going to consider the case when v = 3. 

LHS =xiir,m)^^{r) + X^{r)A'^{m) - X2{r, m)^\r) + 2X'^{r)A\m) 
=m[r^ - 2A^(r)] + rK^{m) - [mr + A^(m)]r + 2\^{r)m 
=0. 

Now assume that 

v-k-l 

[{-lY+^Xi{r,m)^''~^~"{r) + (-l)''-'=+^iV(r)A''-'=-'(m)] = 0, 

i=l 

for 1 < A; < J/ - 2. 
It foUows that 

v-l 

^[(-l)^+iXi(r,m)*^-*(r) + {-lY+\\\rW-\m)\ 

i=l 

= ^(-ir(i.-i)A--*(r)xi(r,m) 



+ Y.^-iy^\i{r,m)[ ^ (-iy+iA^(r)*--*-^(r)] + ^(-l)'^+iiAXr)A''-'(m) 

i=l j=l 1=1 

1=1 j=l i=l j=l 

= E^'W[ E (-l)^*A'(r)A^-'=-*(r)]+2A'=(r)[ ^ (-l)*+'=Xi(r, m)vI/''-'=-(r)] 



fe=l i=l fc=l j=l 

fe=l 1=1 

=0. 



= ^(-l)'=+iA'=(r)[ ^ [(-l)^+ixi(r-,m)*"-'=-'(r) + (-l)"-'=+iiA^(r)A"-'=-'(r 



as required. □ 

Lemma 4.17. The set R'a M with 

(r, m) + (s, n) = (r + s, TO + n), 
(r, m)(s, n) = (rs, rn + tos), 

together with maps A'riixM— >-i?xiM /or z G No given by 

for a sequence of maps fi'.RxM^ M, for i € No, is a pre-X-ring if and only if 

1. fo{r,m) = 0, 

2. /i (r, to) = TO, 

3. fi{{r,m) + {s,n)) = Ej-=o(/i(^. "^)A'-^(s) + {r)fi-j{s,n)). 

Proof of lemma. R is a commutative ring with identity, and M is an i?-module. Then we know 
that i? XI M is a commutative ring with identity. So we only have to check the properties of 
A* : i? x M ^ i? x M. 
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1. AO(r,m) = (AO(r),/o(r,m)). 

Hence A"(r, m) — (1, 0) if and only if fo{r, m) — 0, 

2. Ai(r,m) = (A^W, /i(r, m)). 

Hence A^(r, m) = (r, m) if and only if /i(r, to) = to, 

3. A*((r, to) + (s, n)) = A''(r + s, to + n) = (A''(r + s), /^(r + s, m + n)) 
E;=o A^ (r,TO)A-J>,n) = E ■=o(A'' W, "^))(A^-^», n)) 
= E-=o(A^'WA^"-''(s),/j('^,"^)A^"^(5) + A^(r)/.-,(s,n)) 

Hence 

A*((r, to) + {s,n)) = X]j=o A-' (r, m)A*^-' (s, n) if and only if 
M{r,m) + {s,n)) - E ■=o(/.(^,™)A^"^(s) + A^(r)/,_,(s,n)). 

□ 



Lemma 4.18. T/ie set i? xi M together with maps : R » M ^ R » M , for i G Nq, given by 

AVr TO) = 
A(r,m)-<^ (A»(r),E;-.iA^(TO)A-^(r)) /or z e N, 

(7i?;es its a X-ring. 

We call this A-ring the semi-direct product of R and M, denoted by i? xia M. 
Proof. We start by showing this is a pre- A ring by using lemma 14.171 with 

firm)-[ ° '°'^* = '^' 

j,^,, AJ (TO)A'-J(r) for z > 1. 

Clearly properties 1 and 2 hold, so we only have to check 3. Let i > 2 then 



fi{{r, to) + (s, n)) =/i(r + s,m + n) = ^ A^ (to + n)A' ^ (r + s) 



= ^((A^" (to) + A^- in)) g {r)y-^-' (s) 

j = l k=0 
i i-j 

= ^ ^ (A' (to) A'^ (r)y-^-'= (s) + A* (n) A'^ (r) A'-J-'^ (s)) 

j = l k=Q 

= E E (to) A-'--'= (r) A-^- (.) + E E A' (") A^-^'^' (.'^) 
j=i fc=i j=i k=i 



^A'=(n)A'-'=(s)A*'(r 



i-1 j i 

= J2J2 A''im)X^-\r)X'-^s) + A'=(TO)A'-'=(r)A°(s) 

j=l k=l k=l 
i—1 i—j i 

+ E E A^"(r)A^-(")A^-^"-'=(.) + E A'=(n)A-'=(s)A"(r) 

j=l k=l k=l 

= ^(/,(r,TO)V-^(s)A^(r)/,.,(s,n)) 
i=i 

+ /,(r,TO)A"(s) +/,(s,n)A"(r) + y{s)f^{r,m) + V(r)/o(s,n) 

So we have proved that i? xi^ M is a pre- A-ring. Checking the last two axioms is reduced to 
checking the following the following universal polynomial identities hold. 
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• Pi{X^{r, to), ... , X'{r, to), A^(s, n), . . . , A'(s, n)) 
= (P,(Ai(r),...,y(r),Ai(s),...,V(s)), 

• P,.j(Ai(r,TO),...,A*J"(^,"^)) = (^^j(AHO,---,A*^'(r)), 

ELi ELi(-l)''+'^''+'^A'='(TO)vI/''-(A^-'(r))P(,_,.),,(Ai(r), . . . , A(-'=)^- (0))- 



We are going to start by considering the case where i? is a free A-ring and M is free as a 
A- module over R. 

Our aim is to show that the Adams operations give us the ^-ring structure on R » M with 
^''^(r, to) = (^'''(r), ip'^{m)) by using induction on i'. Then theorem 14 . 1 1 1 tells us that Ryi\ M is a. 
A-ring and the universal polynomial identities hold. 

Consider the case when v — 1 

^^{r,m) = {r,m) = {'ii^{r),ip^{m)). 
Consider the case when v = 2 

«'2(r,TO) = {r^,2rm) -2X^{r,m) = (r^ - 2X^{r),-2A^{m)) = (^^(r), V'^(to)). 
Assume that to) = (*''"''(r), ■0''"''(to)) for 1 < fc < - 1. It follows that 



^^)''{r,m) =^(-l)''-^+i(A''-^(r),^A''-^"'=(r)A'''M)(*^'W,V'^M) 
j=i k=i 



+ (-l)'^+V(A''(r), ^ A''-'=(r)A^-M) 



fc=i 

= ^(-l)''-^+i(A'^-^(r)*^(r),*^'(r)^A'^-^-'=(r)A'=(TO) 
j=i fc=i 

+ ^'^'(TO)A''-^'(r)) + (-l)''+V(A'^(r),^ A'^-'^WA'^'M) 

k=l 

=(*'^(r), ^(-l)'^-^+i[A''-^(r)*^(TO.) + *^(r) ^ A''-^"''^(r)A'''M] 
j=i k=i 

k=l 

v-1 

H^" (r) , E [(-1)'+'*'^"^ ir)x^ {r, ™) + {-lY+'jX' (0 A'^--'" (to)] 

+ (-1)'^+VA''(to)) 
=(vl'-(r), (-1)^+1^"^) - (vl/-(r), ^''(to)), 

as required. 

Now consider the case where i? is a free A-ring and M is an arbitrary A-module over R. Choose 
P a free A-module over R with a surjective homomorphism P M, this gives us a surjective 
homomorphism Ryi\P ^ Ryi\ M. Since the universal polynomial identities hold on R>4\ P they 
also hold on i? Xa A/. 

Now we can consider the case when R is an arbitrary A-ring and M is a A-module over R. 
Any A-ring is the quotient of a free A-ring, therefore R is the quotient of a free A-ring F. There 
exists a surjective homomorphism F M R Xx M. Since the universal polynomial identities 
hold on F Xa Af they also hold on i? xia M. Hence i? Xa M is a A-ring. Moreover we proved that 
{R xixM)^s, = R^s, M^. □ 

4.3 A-derivations 

Definition 4.19. A X-derivation of R with values in M is an additive homomorphism d : R ^ M 
such that 
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1. d{rs) = rd{s) + d{r)s, 

2. d{X'{r)) = A\d{r)) + A'-\d{r))X\r) + ... + A'^{d{r))X'-'^{r) + A\d{r))X'-'^{r), 

for all r,s £ R, and i gN. We let Der;^ {R, M) denote the set of all A-derivations of R with values 
in M. 

Example 4.20. Let ^^[a;] he the free X-ring on one generator x, and let M G ZA[a;]— mot)^. 

Derx{^\[x],M) ^ M. 

Ij\[x\ = 2>[x\,X2, ■ ■ ■] together with operations determined by A*(xi) = Xj. For any X-derivation, 
d : Zx [x] — >■ M, we have that 

d{xi) = m, 

i 

d{xi) = ^A^{m)xi-j, 

where m € M and xq = I- 

Theorem 4.21. There is a one-to-one correspondence between the sections of R M — R 
and the X-derivations d : R^ M. 

Proof of theorem. Assume we have a section of tt, then we have the following 

RxxM^^Z^R, 

where 7ra = Ids.. Hence a{r) = (r, d{r)) for some d : R M. The properties 

d{r + s) =d{r)+d{s), 
d{rs) =d{r)s + rd{s), 

follow from a being a ring homomorphism. However a also preserves the A-ring structure, meaning 
that AV(r) = (TA*(r). Wc know that 

AV(r) = y{r,d{r)) = y((r,0) + (0,d(r))) = S}^oA^(r, 0)V--'"(0, d(r)) 

= S}zi(0, A-'(r)A^-^(d(r))) + (V(r),0) = (A*(r), E}"! A^"(r)A-^ (d(r))) 
aX\r) = iX\r),d{X\r))). 

Hence AV(r) = crA*(r) if and only if rfA*(r) = S}zJ,AJ(r)A*-^(d(r)). This tells us that if a is a 
section of tt, then we have a A-derivation d. 

Conversely, if we have a A-derivation d : R^ M, then a{r) = (r, d{r)) is a section of tt. □ 

Theorem 4.22. The X-derivations of R with values in M are also -derivations of Rxs, with values 
in M\s,. 

Proof Let d : R ^ M he a A-derivation, we are going to use induction on i/ to show il)'^{d{r)) = 
di^'^ir)) for all > 1. 

Consider the case when v = 1 

ilj^{d{r)) =d{r) =d(*^(r)). 

Consider the case when v = 2. 

d{^^{r)) = d(r2 - 2A2(r)) = 2rd{r) - 2[A^{d{r)) + d{r)r] = -2A^{d{r)) = V'^(d(r)). 
Also consider the case v = 2,. 

d{^^{r)) = d{r^ - 3rA2(r) + 3X^{r)) = ^A^d{r)) = 
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Assume that ^^-'=(d(r)) = d(*^-'=(r)) for 1 < fc < - 1. 

=^(-l)'+id(A'(r))*''-^(r) +^(-l)*+^y(r)d(*"-*(r)) 
+ (-l)'^+iz.d(A'^(r)) 

I/— 1 i 

d(vl/'^(r)) - ^-^(^(0) =^(-l)'+M5^A^(d(r))y--'-(r)]f^-(r) 

+ (r-)[(-l)-^+i(^ - z)A''-(d(r))] 

1=1 

v-l 



+ {-ir+M^A^{d{rW-^{r)] 



=0. 

Hence (i(*''(r)) = ^^"(^(0). □ 

Theorem 4.23. If M is Z-torsion-free then the '^-derivations of R\s with values in are also 
X-derivations of R with values in M 

Dcr A (i?, M) = Der* (i?* , Mvt ) . 

Proof. Let M be Z-torsion-free and d : Rm — > M$ be a ^'-derivation. We are going to use induction 
on V to show di^X^ir)) = E^Li A'{d{r))X"-'\r) for G N. 
Consider the case when u = 1. 

A\d{r)) = d{r) = d{X\r)). 

Consider the case when v = 2. 

d{^^{r))=ip'^{d{r)) 
d{r^ -2X'^{r)) = -2K^{d{r)) 
2[d{X^{r)) - rd{r) - A^{d{r))] = 



2[d{X\r))-Y,^\dir))X'-%r)]=0 
d{X'{r))-j2^'id{r))>^'-'{r)=0. 



Assume that rf(A''-'=(r)) = J2^=l ^'id{r))X''-^-'' (r) for 1 < fc < i/ - 1, we want to show that 
vdiX^ir)) = z^ELi A^(d(r))A''-^(r). From ?A"(rf(r)) = Q'(«'"(r)) we get 
lyiA^'idir)) -diX^ir))) = J2iI^{-iy+''[d{X'{r))'i>''-'{r) + X'{r)d{^''-'{r))]. 
Therefore we have to show that 

i-iruY.^'idirW-^r) 
= X:(-l)^+'d(AHr))vl/-Xr) + 2(-ir+'A^ W^*''-^ W) 

i=l i=l 

i=i j=i fc=i 

+ (-1)^—1(1. - i)X'^-\r)] + i-ir E iA\d{rW-\r). 
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Hence it is sufficient to show that 

Y:Zl{-^y^\^{r.d{r))[Y.lZ'\-lf+'\Hr)W-^-^{r)] 

+ Y^Zli-lY+H^ - y)\''~'{r)x^{r.d{r)) + {-lY+^ Y^Zl «A*(r)A--(d(r))] - 0, 
with Xi as in lemma H.161 We get that 



i=l k=l 

Y.{-lr+\^ - v)y-\r)x^{r,d{r)) + (-1)^+1 ^ ^V(r)A''-(d(r))] 



i=l 
v-2 



i=l k=l 



as required. 



□ 



4.4 A-ring extensions 

We have seen in proposition 12.131 tliat the Andre-Quillen cohomology H\q{R,M_) classifies the 
extensions of R by M. In this section, we develop the A-analogue of extensions. 

Definition 4.24. A X-ring extension of R by M is an extension of R by M 

^ M X R ^ 

where A" is a A-ring, /3 is a map of A-rings and aA" = A"a for all n £ N. 

Two A-ring extensions (X), {X') with R, M fixed are said to be equivalent if there exists a map 
of A-rings : X — > A'' such that the following diagram commutes. 

^ M ^ X ^ R ^ 



0- 



M- 



■X' 



R- 



■0 



We denote the set of equivalence classes of A-ring extensions of i? by M by Ext\{R, M). 
The Harrison cohomology Harr^ {R, M_) classifies the additivcly split extensions of R by M. We 
can also define the A-analogue of these types of extensions. 

Definition 4.25. Let i? be a A-ring and M G i?-modA then an additively split X-ring extension of 
R by M is a A-ring extension of i? by M 



0' 



M- 



X 



■0 



^R- 

where f3 has a section that is an additive homomorphism. 

Multiplication in AT = 7? © M has the form (r, m){r' , m') = {rr' , mr' + rm' + /(r, r')), where 
f : R X R ~> M is some bilinear map. Associativity in X gives us 

= rf{r', r") - f{rr', r") + f{r, r'r") - f{r, r')r" . 

Commutativity in X gives us 

f(r,r') = f{r',r). 

The A-operations A" : RxM -> i?xM for e No are given by A''(r, m) = (A''(r), YJi=i A'(m)A''^ 
(-"{r)) for a sequence of operations : R —> M which satisfy the following properties 
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1. e°{r) =e\r) =0, 

2. e-{r + s) = ELoIe'WA'^-^ls) + e-~^{s)X^{r)l 

3. e''(l) = 0, 

4. P,(Ai(r,m),...,A'(s,n)) 

5. Pi ■{X^{r,m), . . . , {r,m)) 

= (A^(A^ (r)),El.li A'=(ELi(A''(m)A^-(r) + e^-(r))A-'=(A^- (0)) + e'(A^(r))). 

Assuming we have two additively split A-ring extensions {X, e, f),{X', e', /') which are equiva- 
lent, together with a A-ring map (j) : X ^ X' with ^(r, m) = (r, m + g{r)) for some g : R M . 
We have that being a homomorphism tells us that 

g{r + r') = g{r) +g{r'), 

f{r, r') — f'{r, r') = rg{r') — g{rr') + g{r)r' . 
We also have (/'(A'") = A''((/)) for all £ No, which tells us that 

We denote the set of equivalence classes of additively split A-ring extensions of R by M by 
AExtx{R,M). 

In order to describe the properties of A-ring extensions we need to define the partial derivatives 
of the universal polynomials, see appendix [Cl for examples. 

We can use the universal polynomials to define continuous functions 



j2i 



For example P2 : K'* K is given by 

P2{xi,X2,Xz, X4) = x\xi - 2x2Xi + 2:2X3. 

We can take the partial derivatives of these functions which are again polynomials. We call 
these new polynomials the partial derivatives of the universal polynomials. For example 

dP2{xi,X2,X'i,Xi) 
=2xiX4, 

0x1 

dP2{Xi,X2,Xs.,Xi) _ 2 „ 

0x2 

For 1 < j < i, we let 

^P^{r,s) ^ dP,{X\r),...,X'{r),X\s),...,X'{s)) 
dXi{r) ■ dXi{r) 

Since the polynomials Pi are symmetric, we can let 

^P^{r,s) ^ dP,{s,r) 
dX^{s) ■ dXi{s) ' 

In our examples 

dP2{r,s) _ dP2{X\r),X\r),XHs),X^s)) _ 

dX^{r) dXHr) 
dP2ir,s) _ dP2iX^ir),X^{r),X\.s),X\s)) _ 

9A2(r) aA2(r) 



2rA2(,s), 
s^-2X\s). 
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Similarly, for 1 < fc < ij, we let 

9P,,,(r) _ dPi{X^{r),...,y^{r)) 

dX^{r) ■ d\^{r) 

For example, 



So it follows that 

SP2,2(r) 



These partial derivatives appear because of the multiplication in i? xi M. Consider the following 

{r^mf' = (r^,2rm), 
(r,mf = (r^,3r^TO). 

Definition 4.26. An additively and multiplicatively split X-ring extension of J? by M is a A-ring 
extension of by M 

^0 

where /3 has a section that is an additive and multiplicative homomorphism. 

As a commutative ring X — R >i M, the sequence of operations X'^ : R >J M ^ R Xi M for 
G No are given by A'^(r, m) = {X'^ {r),J2i=i A*(TO)A'^~*(r) + e'^(r)) for a sequence of operations 
: R^ M such that 

1. eO(r) =ei(r) =0, 

2. e-(r + s) = Er^ole^WA'^-Hs) + e'^-*(s)AHr)], 

3. e-(l)=0, 

5. e'^(A'^(r)) = Er=ie^W%f7r-E-=iA^(e'^M)A'=--'(A''M)- 

Two additively and multiplicatively split A-ring extensions (X, e),(X', e') with R,M fixed are 
said to be equivalent if there exists a map of A-rings (J) : X ^ X' such that the following diagram 
commutes. 

^X >i? ^0 




Assuming we have two additively and multiplicatively split A-ring extensions {X,e),{X' ,e') 
which are equivalent, together with a A-ring map (p : X ^ X' with (j){r,m) = {r,m + g{r)) for 
some g : R ^ M . We also have ((> being a homomorphism which tells us that g € Der{R, M). We 
also have 0(A'^) = X''{<j)) for all v, which tells us that 

V 

e^{^T) - e"^{T) =Y^k\g{T))y-\r) - g{y{T)). 

i=l 

We denote the set of equivalence classes of additively and multiplicatively split A-ring extensions 
of by M by MExtx{R, M). 

Theorem 4.27. If : R ^ M gives us an additively and multiplicatively split X-ring extension 
of R by M, then : R ^ M with 

e-(r) = Y^{-Vf+\e\rW-\r) + A'(r)e''-'(r)] + (-l)"+i!ye"(r), 

i=l 

give us an additively and multiplicatively split '^-ring extension of R^ji by Mij,. 

Proof. If e"^ : R ^ M gives an additively and multiplicatively split A-ring extension of R by M, 
then X" : Rx M ^ Rxi M given by X''{r,m,) = (A''(r), E^Li A'MA^'-'W -|- e^ir)) is a A-ring 
and hence the Adams operations give the ^f-ring with operations : R » M ^ R yi M given 
by \E'''(r, to) = {'i/'' {r),tp'' (m) + e''{r)) which is an additively and multiplicatively split \l/-ring 
extension of Rij, by . □ 
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4.5 Crossed A-extensions 



A crossed X-module consists of a A-ring Cq, a A-module Ci over Cq and a map of A-modules 



which satisfies the property 

d{c)c' = cd{c'), 

for c, c' G Ci. In other words, a crossed A-module is a chain algebra which is non-trivial only 
in dimensions and 1. Since C2 = the condition d{c)c' = cd{c') is equivalent to the Leibnitz 
relation 

0^d{cc')=d{cy -cd{c'). 

We can define a product by 

c * c' := d{c)c' , 

for c, c' G Ci. This gives us a A-ring structure on Ci and 9 : Ci — ?> Co is a map of A- rings. 

Let 9 : Ci — Co be a crossed A-module. We let M = Ker(9) and R = Cokev{d) Then the 
image Im(9) is an ideal of Co, MCi = CiM — and M has a well-defined A-module structure 
over R. 

A crossed X-extension of i? by M is an exact sequence 

^ M Ci Co R ^ 

where 9 : Ci — J' Co is a crossed A-module, 7 is a map of A- rings, and the A-module structure 
on M coincides with the one induced from the crossed A-module. We denote the category of 
crossed A-extensions of i? by M by Cross\{R, M). We let 7roCross\{R, M) denote the connected 
components of the category Cross\{R,M). 

An additively split crossed X-extension of R by Af is a crossed A-extension 

-M^^Ci^-Co^-i? -0 (4.1) 

such that all the arrows in the exact sequence l4.1l are additively split. We denote the connected com- 
ponents of the category of additively split crossed A-extensions of i? by M by 7TQACross\{R, M). 

An additively and multiplicatively split crossed X-extension of i? by M is an additively split 
crossed A-extension 

-M^^Ci^-Co^^i? -0 

such that TT is additively and multiplicatively split. We denote the connected components of the cat- 
egory of additively and multiplicatively split crossed A-extensions of R by M by tto Af Cross\ {R, M) . 



4.6 Yau cohomology for A-rings 

In 2005, Donald Yau published a paper entitled, "Cohomology of A-rings" [13) in which he de- 
veloped a cohomology theory for A-rings. In this section we describe Yau's cochain complex and 
what it computes. 

Let i? be a A-ring. We let End{R) denote the algebra of Z-linear endomorphisms of i?, where 
the product is given by composition. We let End{R) denote the subalgebra of End{R) which 
consists of the linear endomorphisms f oi R which satisfy the condition, 

/(r)P = f{rP) mod pR, 

for each prime p and every r E R. 

Yau defined Cy^„(i?) be the underlying group of End{R). He defined Cy^^[R) be the set of 
functions / : N ^ End{R) satisfying the condition f{p){R) C pR for each prime p. Then for v >2 
he set Cyaui^) ^e the set of functions / : N*^ — >■ End(R). For ^ e Nq, the coboundary map, 

• ^Yau ~^ ^y\u^ is given by the following 

<5''(/)(too, . . . , m^) ^l-™" o /(mi, . . . , m^) -f ^(-1)7(too, ■ • ■ , m.^irm, m^) 

i=i 

+ (-l)''+V(mo,...,m,_i)o*™-. 
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We say that the v*^ cohomology of the cocham complex {CyamS) is the z^*'' Yau cohomology of 
R, denoted by H^aui^)- 

From the cochain complex it is clear that 

HyauiR) = {/ e E^iR) ■■ f^" = ^"f for all v e N}. 

We define the group of Yau derivations of R, denoted by YDer\{R), to consist of the functions 
/ e C^a«(-R) such that 

for all i,j G N. We define the group of Yau inner- derivations of R, denoted by YIDerx{R), to 
consist of the functions / : N — !■ End{R) which are of the form 

}{i) = -^'og-go-^\ 



for some g G End{R). 

The first Yau cohomology is given by the quotient, 

1 _ YDer^jR) 

^y--^^> - YIDer^iR)- 

Yau tells us that there exists a canonical surjection, 

H^,.,{R) ^ HH^Z[N],EndiRj), 

and for > 3, there exists a canonical isomorphism, 

H!^,^iR) ^ HH''iZ[NiEndiR)), 

where HH'^ {Z[N], End{R)) denotes the i'*^ Hochschild cohomology of Z[N] with coefficients in 
End{R). 

Yau defined his cohomology in order to study deformations of A-rings. 
We let 

vE-: = ro + tri + t^r2 + ■■■ 

be a formal power series, in which each ^* is a function 

ijj* -.n^ End{R), 
satisfying the following properties. We let ^'f denote 

2. ipl =0 for i > 1, 

3. (r) = J2Uo V'j ° ^Ljir) for fc, / > 1 and i > 0, 

4. ipf{r) C pR for i > I and p prime. 

Yau calls a deformation of R. 

Note that the Gerstenhaber and Schack's definition we provided in 13.61 is very similar to Yau's 
definition but gives a different result. We would like to compare the results in the case when 
ai — for i > 1. We omitted the condition tpfi^r) C pR for p prime, but introduced the condition 
ipl{rs) — X]fe=o ^fc('')^i-fc(^)- This last condition makes things more complicated and may seem 
strange, but it is necessary to ensure that 

^:{rs)^^>:{r)^:{s). 

Yau's condition gives us G End{R). Gerstenhaber and Schack's condition gives us ipi G 
Der where i?* is the i?-module with R as an abelian group and the following action of 

R 

(r, a) H- 4'*(r)a, for r G i?, a G i?'. 
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Chapter 5 



Harrison cohomology of diagrams 
of commutative algebras 

5.1 Introduction 

For this chapter wc let / denote a small category. A category / is said to be small if the collection 
of morphisms is a set. We let i,j, k denote objects in / and we let a : z — >■ j and (3 : j ^ k denote 
morphisms in I. 

Definition 5.1. A diagram of commutative algebras is a covariant functor 

A: I Com.alfl, 

where / is a small category, and Com.alfl is some category of commutative algebras. We call I the 
shape of the diagram. 

If A,B are two covariant functors from / to £om.a[fl, then a map of diagrams is a natural 
transformation ^ : A ^ B. We denote the category of diagrams of commutative algebras with 
shape / by Com.alg^. 

Definition 5.2. An A-module is a functor M : I Qlb such that for all i € I we have that 
M{i) G A{i)-mol) and for all a G / we have 

M{a){a ■ to) = A{a){a) ■ M {a){m), 

for all a G A{i),m G M(i). We let A — moJ)^ denote the category of all ^-modules. 

5.2 Natural System 

Let A : I ^ Com.alfl be a diagram of a commutative algebra, and M be an A-module. For any 
n > there exists a natural system on I as follows 

where (a : i ^ j) G I and M{j) is considered an A(i)-module via a. For any {(3 : j ^ j') G /, we 
have /3* : — > -D/Sa which is induced by M(/3) : M{j) — > M{j'). For any (7 : i' — >■ i) G /, we have 
7* : Da-y which is induced by ^(7) : A{i') A{i). 

5.3 Bicomplex 

Let A : I ^ €om..alQ be a diagram of a commutative algebra, and M be an A- module. For 
each I G / we can consider the Harrison cochain complex of the commutative algebra A{i) with 
coefficients in M[i). 

M{i)) > Cjj^rrim, M{i)) Cl^rrim, M{i)) • • • 
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We can use this to construct the following bicomplex denoted by C'^*^^{I,A,M): 
CfilAI, A,M)= n CHarMii'^)), <^*M{i,)), 

a:io— >ip 

for p,q > Q. The map Cg^^^(/, A, M) -> C]^+^;«(/, A, M) is the map in the Baues-Wirsching 
cochain complex, and the map C^^^^(J, ^,M) — >■ C^'^J^^ {I , A, M) is the product of the Harrison 
coboundary maps. 



Hi Cl^rrim, M(i)) Ua:i^J a*M{j)) > • • • 



Ui CharriAii), M{i)) ^ Ua:i^j Charr{A{i), a*M{j)) . • • • 

Let (q„ : in — > in+i) G I, and a = ap...aQ : io — >■ ip+i- Then the coboundary map 
S ■■ CfilAl,A,M) ^ C^+^l'^\I,A,M) is given by 



{xi,..., Xq) =/ap+i,...,ai (^(Q;o)(a;i), ■ • • , A{ao){Xq)) 

P 

"l~ ^ /a;p+i,.--,«fc+io;fc,.-->o;o(^l) • • • J^g) 

fc=0 

+ (-l)f+2M(ap+i)(/„^,...,„„(xi, . . . 
The coboundary map 8 : Cfil^^il , A, M) ^ A,M) is given by 

{xi,...,Xg+i) =A{a){xi) ■ fap,...,ao{X2, ■ ■ ■ ,Xg+l) 
Q 

fe=i 

+ (-l)*+Va„...,«o(a;i, • • • • A(a)(xg+i). 
Lemma 5.3. The maps d and 5 are coboundary maps. 

Proof. d{f) = EEo(-l)'^fe(/) where 

{A{a){xi) ■ fa^,...,aoi^2,---,Xq+l) k = 0, 

fap,...,aoixi, ■ ■ ■ ,XkXk+l, ■ ■ ■ ,Xg+i) < k < q + 1, 

fap,...,ao{xi,- ■ ■,Xg)- A{a){xg+i) k = q + 1. 

m = EltU-l)%{f) where 



{Sk{f)){Xl,...,Xg) 

= = 6^ follows from: 



{A{aQ){xi),...,A{aQ){xg)) k = 0, 

/Qp+i,...,afcC(fc_i ,...,ao {^It ■ ■ ■ T Xq) 0<A;<p + 2, 

M{ap+i){fap,...,ao{xi, ■ ■ ■,Xg)) k=p+2. 

dkdi = didk-1 0<l<k<q + 2, 
SkSi = SiSk-i 0<l<k<p + 2. 



□ 
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Lemma 5.4. The coboundary maps d and 6 commute. 

Sd = 05. 

The proof is given on the next page. 
Proof. Let/eC§^„(/,AM). 

dd{f) =A{a){xi) • fa„+^,...,ai{A{ao){x2), ■ ■ . , A{ao){xg+i)) 
q 

+ X](~l)*'/«P+i.-,c«i(^(ao)(a;i), . • . ,A{ao){xkXk+i), . ■ . ,A{ao){xq+i)) 

k=l 

+ (-1)'+ {A{ao)ixi), A{ao){xg)) ■ A{a)ixg+i) 
p 

+ J2(-iy+^[Aia){x,).U^^,,.. {X2,...,Xg+i) 



1=0 



{xi,...,XkXk+l,...,Xg+i) 

k=l 

..,ao 

{xi,...,Xq) ■ A{a){Xq+i)] 

+ {-l)P+'^M{ap+i)[A{ap ■ ■ ■ ao)(a;i) • fa^,...,ao{x2, ■ ■ ■,Xq+i) 
q 

+ ^(-i)''.fap.^...,a„{xi,. ■ . , XkXk+1, . . . , Xq+i) 
k=l 

+ {-^y~^^fap,...,ao{xi, ■■■,Xq) ■ A{ap ■ ■■ao){Xq+i)] 
=A{a){xi) ■ [fa^_^_,^...,ai{A{ao){X2), . . ■ ,A{ao){Xq+i)) 



{X2,...,Xq+i) 

1=0 

+ i-l)P+H'I{ap+,)U^_,^,{x2, . . . 

Q 

+ ^i-^)''[fcxp+i,...,ai (^(ao)(a;i), . . . , A{ao){xkXk+i), A{ao){xq+i)) 



k=l 

■P 



{Xi, . . . Xg+l) 

1=0 

+ (-l)P+^M(Q!p+i)/ap,...,co(a;i, . . . , XkXk+1, . . ■,Xq+i)] 

+ (-l)''+'[/a,+i,...,ai(^K)(a;i), . . . , A{ao){xq)) 

p 

"I" ^ ' (~-^) ^ .fap+i,...,ai + iai,...,ao{Xl, ■ ■ ■ , Xq) 

1=0 

+ {-lY+^M{ap+^){f„^_o.o{xu...,Xq))]-A{a){xq+r) 
=d5{f). 



□ 



5.4 Harrison cohomology of diagrams of commutative alge- 
bras 

Let A : I ^ Com.olg be a diagram of commutative algebras, and M be an A-modulc. We define 
the Harrison cohomology of A with coefficients in M, denoted by Harr*{I,A,M), to be the 
cohomology of the total complex of C^*^^(/, A, M). 

The spectral sequence of a bicomplex yields the following spectral sequence. 

= H^nwiI,'»-V'arr{A,M)) ^ H arr^+^I , A, M) , 

where M) is the natural system on I whose value on (a : i — >■ j) is given by Harr'^{A{i), a*M{j)). 
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Definition 5.5. A derivation d : A ^ M is oi the form d = {di)i^i where each di : A{i) M{i) 
is a derivation of A{i) with values in M(i) such that for all {a : i ^ j) G / we have that 
M{a){di) = dj{A{a)). We denote the set of all derivations of A with values in M by 1)tx{A, M). 

Lemma 5.6. 

Harr°{I, A, M) ^ Dtt{A, M), 

H%wil, nharriA M)) ^ ^tt{A, M). 

Definition 5.7. An additively split extension of A by M is an exact sequence of functors 

^ M X A ^0 

where X : / — >• Com.atfl such that for alH € / we get an additively split extension of A{i) by M(i). 

^ M{i) X{i) > 

This means that there are additive homomorphisms s{i) : A{i) — >• X{i) for all i G / such that s{i) 
is a section of The sections induce additive isomorphisms M{i)(BA{i) w X{i) where addition 
is given by (m, a) + (m', a') = (m + m', a + a') and multiplication is given by 

(m, a){m', a') = {a'm + am' + fi{a, a'), aa'), 

where fi : A{i) x A{i) — > M{i) is a bilinear map given by 

fi{a,a') = s{i){a)s{i){a') - s{i){aa'). 

Associativity in X{i) gives us 

= afi{a', a") - fi{aa', a") + fi{a, a' a") - fi{a, a')a". 
Commutativity in X{i) gives us 

fi{a,a') = fi{a,a). 

For all (a : I — > j) G J we identify M(j) with Ker(p(j)) and M{a) with the restriction of X{a) to 
get a map : A{i) — > M{j) given by 

e„(a) = X{a){s{i){a)) - s{j){A{a){a)), 

which satisfies the following properties: 

1. €id{a) = 0, 

2. ea{a + a') = ea{a) + ea{a'), 

3. ea(aa') = A{a){a)ea{a') + A{a){a')eaia) 
+ fjiA{a){a),A{a){a')) - M{a){Ma,a')), 

4. e;3„(a) = M{p){ec,{a))+e^{A{a){a)). 

Two additively split extensions {X),{X') with A,M fixed are said to be equivalent if there 
exists a map of diagrams (j) : X X' such that the following diagram commutes. 

>M ^X ^A ^0 

y 

> M > X' ^ A ^ 

For alH e / we get that : X{i) — >■ X'{i) is a homomorphism of commutative algebras. Hence 
0i(m, a) = (m + gi{a), a) for some gi : A^ M such that 

gi{a + a') = gi{a) + gi{a'), 

fi{a, a') - f-{a, a') = agi{a) - gi{aa') + gi{a)a'. 
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For all a £ / we get that 

ea(a) - e^a) = M{a){g,{aj) - g,iA{a){a)). 

We denote the set of equivalence classes of additively split extensions of A by M by 2l(£j;i(A, M). 
An additively and multiplicatively split extension of A by M is an additively split extension of 
A by M 

^ M X A ^ 

such that for each i G / the arrow p{i) is additively and multiplicatively split. 

We denote the set of equivalence classes of additively and multiplicatively split extensions of A 
by Mby97l€yt(A,Af). 

Lemma 5.8. 

Harr^ (/, A, M) = 2l(£yi(A, M). 

Proof. A 1-cocycle is a pair (/^ : A{i) x A{i) M{i))i^i and (eq : A{i) -)> M{j))(^a:i^j)&i- We get 
an additively split extension of A by M given by taking the exact sequence 

^ M ^ M®A ^ A ^ 

where addition in M © A is given by (m, a) + (m', a') = (m + m', a + a') and multiplication is given 

by 

(m, a){m' , a') = (a'm + am! + /i(a, a'), aa'). 
For all (a : i ^ j) e / set the map (M © A) (a) : {M ® ^ (M © to be 

{M ® A){a){m,a) = (A/(a)(m) + 6^,(0), A(a)(a)). 

Given two 1-cocycles which differ by a 1-coboundary, then the two additively split extensions we 
get are equivalent. 

Given an additively split extension of A by M 

^ M X A ^ 

there are additive homomorphisms s{i) : A{i) Ar(i) for all i e / such that s{i) is a section of 
p{i). 

For all i e / we define the maps fi : A{i) x A{i) M{i) to be given by 

fi{a,a') = s{i){a)s{i){a) - s{i){aa'). 

For all (a : z — > j) e / we define the maps Cq, : A{i) — > M{j) to be given by 

e„{a) = X{a){s{i){a))~s{j){A{a){a)). 

Then (/,; : A{i) x A{i) AI{i))i^i and (eo, : A{i) M{j))(^a:i-^j)ei give us a 1-cocycle. Given 
two additively split extensions which are equivalent, then the two 1-cocycles we get differ by a 
1-coboundary. □ 

Corollary 5.9. 

HhwiI.n]j,rriA,M))=m^^tiA,M). 
Definition 5.10. An additively split crossed extension of ^ by M is an exact sequence of functors 

^ M Ci Co A ^ 

such that for alH e / we get an additively split crossed extension of A{i) by M{i). 

^ M{^) C,{^) C^i,) ^ Ai,) (5.1) 

This means that all the arrows in the exact seauence lS.ll are additively split. We let 7ro2l£ross(A, M) 
denote the connected components of the category of additively split crossed extensions of Ahy M. 
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An additively and multiplicatively split crossed extension of A by M is an exact sequence of 
functors 



0- 



M ■ 



A- 



■0 



such that for all z G / we get an additively and multiplicatively split crossed extension of A(i) by 



0- 



M{i) 



Ci{i) Co[i) ^ A[i) 







(5.2) 



where 7(«) and p{i) are additively and multiplicatively split. We let 7TodJl€voss{A, M) denote the 
connected components of the category of additively and multiplicatively split crossed extensions 
of A by M. 

Lemma 5.11. If j : Cq ~^ A is a morphism of diagrams of commutative algebras then 

Harr^ (/, 7 : Co ^ A, M) = 7ro2ie:ross(7 : Cq ^ A, M), 

where Harr* (/, 7 : Cq — A, M) and 7ro2l£ross(7 : Cq ^ A, M) are defined as follows. Consider 
the following short exact sequence of cochain complexes: 



0- 



C|,_(/,Co,M)^-Coker(7*) 



0, 



where C|f^^^(/, A, M) denotes the total complex of the bicomplex (C^*^^(/, A, Af). We define the 
cochain complex C'|f^^^(/, 7 : Co — )> A,M) :— Coker(7*). This allows us to define the relative 
Harrison cohomology 

Harr*{I,j : Co ^ A, M) H* {C*HarAl ,1 ■ Co ^ AM)). 

We let 2l£ross(7 : Cq ^ A, M) denote the category whose objects are the additively split crossed 
extensions of A by M 



0- 



M ■ 







- Ci Co A - 

with 7 : Co — > A fixed. A morphism between two of these crossed extensions consists of a morphism 
of diagrams of commutative algebras /ii : Ci — ?> Ci such that the following diagram commutes. 




Note that 2t£ross(7 : Co — > A, M) is a groupoid. 

Proof. We use the method used in [l^l for the crossed modules of Lie algebras. Given any additively 
split crossed module of A by M, 



0- 



A- 



■0, 



^ M Ci Co — 

we let V = Kcr7 — Imp. For all objects i G I there are linear sections Si : A{i) Co{i) of 7 and 
CTi : V{i) ^ Ci{i) of p{i) : Ci{i) V{i). We define the maps gi : A{i) (g) A{i) Ci(z) by: 

gi{a, b) = ai{si{a)si{b) - Si{ab)). 

We also define the maps Wi : Co{i) — ?► Ci{i) by: 

UJi{c) = CTi(c - Si7i(c)). 

By identifying M with Kerp, we define the maps fi : Co{i) (g) Co(j) M{i) by: 

fi{c,c') = gi{'Ji{c),Ji{c')) +c'uJi{c) +CUJ^{c') -UJt{c) *UJi{c') ~u>i{cc'). 

Since gi{c,c') = gi{c',c), it follows that fi{c,c') = fi{c',c) and so fi G Cjj^^^{Co(i),M{i)). 
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For all morphisms {a : i ^ j) G I we define the maps : ^{i) C'i(j) by: 

qa{a) = aj{Co{a){si{a)) - Sj{A{a){a))). 

By identifying M with Kerp, we define the maps : Co{i) — > M{j) by: 

e„(c) = Uj{Co{a){c)) - Ci{a){uJi{c)) - qa{7i{c)). 

Note that e„ G C}j^^^{Co{i),a*M{j)). 

For all objects i G I we define the maps 6i e Cjf^^^{A{i), M{i)) by: 

6i{x, y, z) = Si{x)gi{y, z) - gi{xy, z) + gi{x, yz) - gi{y, x)si{z). 

For all morphisms (a : z — )• j) € / we define the maps i?a G ^Harri^i'^) ^ ^* ^HJ)) by: 

^a{x,y) =gj{A{a){x),A{a){y)) - Ci{a)gi{x,y) 

+ Co{a){si{x))qa{y) - qa{xy) + qa{x)sj{A{a){y)). 

For all pairs of composable morphisms (/3a : i ^ j k) G I we define the maps riisa G 

Vi3a{x) = -qis{A{a){x)) + qpoc{x) - Ci{P){q„{x)). 

We let / = {fi)(iei) and e = {ea)(a:i^jei)- We also let 6 = (6'j)(,£7), 
^ = {''^a){a:i^jei) 7] = {T]0a){0a:i^j^kei)- Consider the following commutative diagram. 

Cj^^rril^ A, M) C},^^^{I, Co, M) C\j^rr{I^ ^ : ^ A, M) 

Cl^rril^ A M) -C Cl^„{I, Co, M) Cl^rril^ J : Co ^ A, M) > 

Note that (/, e) G Cjf^„{I,Co,M) and {0,i^,t]) G Cfj^„{I , A, M). A direct calculation shows 
that 6{f,e) = 7* (61, ^,7?). We also have that 6K*{f,e) = K*6{f,e) = k*Y{0,^,v) = 0, this tells 
us that K*{f,e) is a cocycle. If we have two equivalent additively split crossed modules then we 
can choose sections in such a way that the associated cocycles are the same. Therefore we have a 
well-defined map: 

mxossij :Co^A,M)^ Hl^rA^, j:Co^A,M). 

Inversely, assume we have a cocycle in Cjj^^^{I,^ : Co — > A,M) which we lift to a cochain 

(/, e) G Cjj^„.{I, Cq,M). Let V = Kcr7. For all objects i G I we define Ci{i) = M{i) x V{i) as a 
module over k with the following action of Co(i) on Ci{i): 

c{m,v) := {cm + fi{c, v) , cv) . 

The maps Ci(a) : Ci(i) —>■ Ci(j) are given by: 

Ci{a){m,v) := {M{a){m) + ec{v),Coia){v)). 

It is easy to check using the properties of fi and that this action is well defined and together 
with the maps pi : Co{i) Ci(«) given by pi{m, v) = v, we have an additively split crossed module 
of A by M. □ 

Lemma 5.12. If k is a field of characteristic then 

Harr'^{I,A,M) = 7ro2te:ross(2l, OT). 

Proof. From the definition of C|f^^^ (J, 7 : Co — >^ A, M) we get the long exact sequence: 

^ Harr^ {I, A, M) > Harr^ {I, Co , M) > (5.3) 



Harr^{1, 7 : Cq A, M) ^ Harr'^{I, A, M) ^ • • • 
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Given any additively split crossed module in 7ro2t£ross(A, M), 



0- 



M ■ 



Ci 



A- 



■0 



we can lift 7 to get a map Pq ^ A where Pq is free as a diagram of commutative algebras. We 
can then use a puUback to construct Pi to get a crossed module where the following diagram 
commutes: 

p „ 7 




These two crossed modules are in the same connected component of 7ro2l£ross(yl, M). By consid- 
ering the second crossed module in the long exact sequence, we replace Cg by Pq to get the new 
exact sequence: 



0' 



Harri (7,7 : Pq ^ AM) 



Harr^{I,A,M) 



■0 



(5.4) 

since Harr^{I,Po,M) = and Harr'^{I,Po,M) = 0. 

The exact sequence l5. 41 tells us that every element in Harr^{I, A, M) comes from an element in 
Harr^ (1, 7 : Pq ^ ^, M) and the previous lemma tells us that this comes from a crossed module 
in 7ro2t£ross(^, A/). Therefore the map 7ro2l£ross(yl, M) Harr^{I,A,M) is surjective. 

Assume we have two crossed modules which go to the same element in Harr^{I,A,M), 



0- 



■Co 



A- 



■0, 



(5.5) 



There exist morphisms 



— ^ ^0 



A- 



■0. 



(5.1 




where Pq is free as a diagram of commutative algebras and P\ , P2 are constructed via pull- 
backs. These give us two elements in Harr^{I,^ : Pq A, M) which go to the same element 
in Harr^{I, A, M). However the exact sequence 15.41 tells us that the two crossed modules 15.51 and 
5.6l have to go to the same element in Harr^{1, 7 : Pq — > A, M). The previous lemma tells us that 
the two crossed modules 15.51 and 15.61 go to the same element in 2l£ross(7 : Cq ^ A, M) which is a 
groupoid, so there is a map P2 — > Pi which makes the following diagram commute: 



0- 



Co 



A- 







^ M ^ Pi ^ Po ^ A ^ 



^ M ^ P2 ^ Po ^ A ^ 



^ M C[ CI, A ^ 
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Therefore the two crossed modules l5.5l and [5^ are in the same connected component of Tro'Ql€x:05s{A, M) 
and the map 7ro2l£ross(j4, M) Harr'^{I, A, M) is injective. □ 

Corollary 5.13. If k is afield of characteristic then 

HlwiI,'Hharr{AM)) ^ TToDJKttossiA, M) . 

Proof. Given an additively and multiphcatively split crossed extension of A by M we get that (with 
the notation of lemma lS.llD gi = for all i G /. Since p{i) is additively and multiphcatively split for 
ah I G / it follows that / 0, 6* = and i9 = 0. Therefore is a cocycle in C|^y(/, njf^^iA, M)). 

Inversely, the construction given in lemma [5 . 1 1 1 gives us an additively and multiphcatively split 
extension. □ 

5.5 Harrison cohomology of ^'-rings 

Let i? be a ^-ring, and AI G R — moO*. Let / denote the category with one object associated to 
the multiplicative monoid of the natural numbers p}™"'*. For any j > 1, there is a natural system 
on / as follows: 

Df ■■^C^HarriR^rM), 

where f*M is an ^'-module over R with M as an abelian group and the following action of R 

{r,m) 1-^ 5''^(r)m, for r £ R,m G M. 

For u G J- 1 (the category of factorisations in /), we have '■ Df Duf which is induced by 
: f*M -> {uf)*M. For v G FI, we have v* : Df Df^ which is induced by : i? ^ i?. 
The bicomplex in section 15.31 becomes 



with 



t=ti...tieN t=ti...tiGN 



with the product being over j-tuples (ti, . . . , ti) and t is the composite, is given by 
dfti,.. .,1,(^1^ ■ ■ -^Xj+i) =**'*''"*'(a;i)/ti,...,t,(a;2, . . ■,Xj+i) 

3 

+ ^{-lYftu-.-Mi^l^ ■ ■ ■,XkXk+l,- ■ ■,Xj+i) 
k=l 

+ {^iy+'ft,,...M{^i,...,x,)^'^'^-'^{x,+,). 

and 

n C'HarriR^t*M)^ [] Cj^^rriRXM), 

t=ti...tieN t=ti...ti+ieN 
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being given by 

hftu-,U+i {xi,---, Xj) =^'*i/t^_..._t._^^ (a;i, . . . , Xj) 

i 

+ ^{-'^f ftu-,tktk+u-M+i • • • , Xj) 
fe=i 

+ (-1)'+Vti,...,t.(**^+^ . . . , (a;,)). 

We let Harr\, {R, M) denote the i*'' cohomology of the total complex of the bicomplex described 
above. 

Theorem 5.14. There exists a spectral sequence 

where Hjj^j.j.{R, M) is the natural system on I whose value on {a : i ^ j) is given by Harr''(R, a*M). 
Theorem 5.15. 

Harr%{R, M) = Der*(i?, M), 
Harrl{R, M) = AExt*(i?, M), 
Harr%{R,M) = ■KoACrossis{R,M). 

5.6 Harrison cohomology and A- rings 

Let ii be a A-ring and M G R — moTix. 

Conjecture 5.16. There exists a cochain bicomplex which starts: 

Cl_Harr{R,M) Cl_jj,„{R, M)) C^.^a.. (E, M)) • • • 



CtHarri&M.) C|_^_(E,M)) 



where the first column is the Harrison cochain complex. 

C\_H^„{R,M):=C\j,„{R,m- 
For all i >1 and j >2 we have that 

Ci-Harri.R,M) c [] Maps{R^\M). 

ni,.--)^j-iGN 

For example, when j = 2, we have 

Cl_Harr{R,M)) = {/ € JJ Maps{R,M)\ 

riGN 

Ur + s) = f^[/,-(r)A"-^(s) + /,(s)A"-^(r)]}. 
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CLHarM,M)) = {/ e n Maps{R<E>R,M)\Ur,s) = Us,r), 



new 

n 

/„((r, s) + {t, u)) = J2[fj{r, s)X^-^{tu + ru + ts) 

+ fj {t, u)r-^ {rs + ru + ts) + J, (r, u)X'-^ {rs + tu + ts)+ 
/j(i,s)A"-J(rs + ru + to)]}. 

The coboundary maps c?2 : C'2-ifarr(i^'^) ^ ^'2^^^^,, (i? , M) are given by 
02 /))n r-i, . . . , n+i) = > ^J3{f2, ■ ■ 



n 

(&}(.9))«M - .9(A"M) -EA'(5M)A"-^M. 

"™ 

(&2(/))«.»M = /™(A"(r)) - E /.(r) + E A^-(/nM)A™-^"(A"(r)). 

i=i j=i 

We let Harr\{R, M) denote the i^^ cohomology of the bicomplex above. Then we get the 
following 

HarrliR, M) = DerA(i?, M), 
HarrliR, M) = AExtA(i?, M). 

5.7 Gerstenhaber-Schack cohomology 

In the paper [tI Gerstenhaber and Schack describe a cohomology for diagrams of associative alge- 
bras which we denote by H^g{I, A, M). Let I = {i,j, fc, . . .} be a partially ordered set. We can 
view / as the set of objects of a category in which there exists a unique morphism i ^ j when 
i < j. They define a diagram to be a contravariant functor A : 1°^ Com.olg. They define an 
j4-module to be a contravariant functor M : I°p 21b such that M{i) e A{i) — moO for alH e / 
and for each i < j the map M{i — )■ j) is an yl(j')-module homomorphism where A{i) is viewed as an 
A(j)-module via the morphism A{i j). If we consider A as a covariant functor A : / — > Com.olg 
and M as a covariant functor M : I ^ 2lb then we can apply the theory we developed earlier. 

The bicomplex described by Gerstenhaber and Schack coincides with our bicomplex C]^^^^(/, A, M). 
Therefore HQg{I, A, AT) = Harr^{I, A, M) for n>0. Therefore we get a new spectral sequence 

Er = Hl^il. 'H'^arM, M)) ^ H^^+\I, A, M), 
where M) is the natural system on / whose value on (a : i — j) is given by H arr'^ {A{i) , a* M (j)). 
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Chapter 6 

Andre- Quillen cohomology of 
diagrams of algebras 

In this chapter, let £ denote a category with Umits, and I denote a small category. 

We have already seen that for algebraic objects, we can get cohomology from monads and 
comonads. In this chapter, we define a cohomology for diagrams of algebras. Our approach can 
be described as follows. First, we fix a small category /. A diagram of algebras is a functor 
I — >■ 2tl0(T), where T is a monad on sets. For appropriate T, one gets a diagram of groups, a 
diagram of Lie algebras, a diagram of commutative rings, etc. The adjoint pair 2l[g(T) ^ - (Sets 
yields a comonad which we denote by G. We can also consider the category Jq, which has the 
same objects as /, but only the identity morphisms. The inclusion Iq C I yields the functor 
6ets^ ©ets^" which has a left adjoint given by the left Kan extension. We also have the pair 
of adjoint functors 2ll0(T)^ ^ ' ©ets^ which comes from the adjoint pair ^lg{T) ^ ^ Sets • 
By gluing these diagrams together, one gets another adjoint pair 

2ii0(r)^^^eets'°. 

This adjoint pair yields a comonad which we denote by G/. We will prove that 2t[0(T)^ is monadic 
in &cis^" and the right cohomology theory of diagrams of algebras is one which is associated to 
the comonad G/. These cohomology theories are denoted by H^^{A, M). 

6.1 Base change 

Let £ be a category, and X be an object in An X-module in £ is an abelian group object in 
the category €/X, 

X-moi} :=Ah{€/X). 

Theorem 6.1. Let f : X ^ Y be a morphism in €, then there exists a base- change functor 
f*:Y — mod X — moO via pullbacks. 

Proof. The product in the slice category is given by pullbacks. The functor we are going to use is 
/* : C/y C/X given by pullbacks. 

r(M) 

p 



If M G F — moJ) then /* (M) has a canonical X-module structure. In set-theoretic notation, 

r(M) = {{x,m)\x GX,mGM, f{x)=p{m)}, 

f%M) xx f*{M) = {{x,m,m')\x G X, m,m' € M, f{x)=p{m)=p{m')}, 
f*{M) xx f*{M) ~ r (M Xy M). 



56 



Consider the following commuting diagram. 

f*{M xy M) ^ M Xy M 




The unique morphism f*{mult) : f*{M Xy M) f*{M) exists by the universal property of 
puUbacks. The isomorphism f*{M) Xx f*{M) ~ f*{M Xy M) and this unique morphism yield 
multiplication 

rimult) : r (M) XX /*(Af) ^ /* (M), 
which gives an abelian group object structure on f*{M). □ 

6.2 Derivations 

For M E X — moO, one defines a derivation from X to M to be a morphism d : X M which 
is a section of the canonical morphism M X. Let Der(X, M) denote the set of derivations 
d : X — >■ M. This is a special case of 12. 21 and there is an abelian group structure. We will require 
the following useful theorem later. 

Theorem 6.2. If X ^ Jlaei "■'^'^ M £ X - mod, then 

Der(X, M) = JJ Der(X„, M„), 

ael 

where Ma is the Xa-module produced from M by the base-change functor from the morphism 
Zq '. Xq^ — '> X . 

Proof. From the definition of the coproduct one has a morphism i^ : X^ — > X. Using this one gets 
Ma G Xa-xnoX) via the following puUback diagram. 



M- 



X 



■ Xa 



Let / be a section of p, this means that pf = idx- Consider the following diagram. 




The diagram commutes since pfia — idxia — iaidx^- By the universal property of pullbacks 
Pa fa — idx^ ■ So if / is a section of p then /„ is a section of Pa- 
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Conversely, let be a section of pa, this means that Pafa = idx^- By the definition of the 
coproduct there exists a unique morphism / such that the following diagram commutes. 

M 
A 




This means that fia = jafa- Composing with p on the left gives us that pfia = pjafa = iaPafa = 
iaidxa, = ia Thus the following diagram commutes. 



X 



' X 




The universal property of the coproduct says that pf = idx- Hence / is a section of p. 
We will require the following useful lemma later. 



□ 



Lemma 6.3. For all objects Z G €^ , for M G Gi{Z) — mo?), and a : i — >■ j in the small category 
I, one has 

T>ex{G{Z{i)),a*M{j))= J] pj^a,li{m), 

m£UZ{i) 

where pj is the canonical morphism pj : M{j) — >• GZ{j) andji is the inclusion : UZ{i) GZ{i). 

Proof. The derivations Der(G(Z(i)), a*M(j)) are the sections of in the following puUback dia- 
gram. 

a*M{j) ^M(i) 

Pi 

UZ{z}^^GZ{i)^^GZ{j) 
By definition, UZ{i) is the basis of the free object GZ{i). 

Dei {G{Z{i)), a* M{j)) = {s : UZ{i) M{j)\a^-fi =PjS, s is a set map.} 



meUZ(i) 



□ 



6.3 Natural system 

We require the following useful theorem. 

Theorem 6.4. Let A G <t^ and M £ A-moO. // a : i ^ j is a morphism in I then M{j) £ 
A{j) — mo5 and 

Dzt{A,M){a) = Der(A(i),Q*M(j)), 

defines a natural system on I. 

Proof. Start by fixing A and M, then let D{a) denote Dzx{A, M){a). Let 7, a, /3 e / such that 

l' ^ I ^ 3 ^ J ■ 

We are going to show that we have induced maps as follows. 

D{a-i) D{a) D{pa) . 
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Let s e D{a), then the following diagram commutes with ps 
a*M{j) G A{i) - moO. 



idA{i), and a*M{j) is a puUback, 



a*M{j) ■ 



■M{j) 



A(i) 



A{a) 



Consider the following commuting diagram. 
M(i) 




M{j') 



Let s' : A(i) -> a*/3*M(j') be the map s' = ts. Hence 

p'ts =ps^ idA(i)- 

So define P*{s) = s'. Hence s' G Dcr(A(i), a*/3*M(/)) = Dcr(^(i), {/Sa)* M{j')). 
Consider the following commutative diagram, with s a section of p. 



(a7)*M(j) 



M{j) 



Ml) 



A{a) 



■Mj) 



There exists a unique s' : A{i') — ;> (a-y)* M (j) which is a section of p' which would make the above 
diagram still commute. So define 7*(s) — s' . Therefore s' e Der{A{7/). {a^')* M (j)) . □ 

Corollary 6.5. For q> there exists a natural system 'H'^{A, M) on I whose value on {a : i j) 

is given by H^{A{i) , a* M (j)) . 

This corollary allows us to define, for fixed q>0, the Baues-Wirsching cohomology H^^{I, 'H'^{A, M)) 
of I with coefficients in the natural system 'H'^{A, M). 

Furthermore, we can consider a natural system on the category of chain complexes £f)aincomp[ej; 
as follows. To each morphism a : i — > j e / we assign the chain complex Der(G*(A(z)), a*M[j)). 
This gives us a functor, 

D : TX -> £f)oincomplej:, 
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where TX denotes the category of factorizations in I. 

This natural system gives rise to a cosimphcial object in £t)aincomp[ej:: 

n, Di^d.) =^ Uc.^, D{a) ^ • • • 



which gives rise to a bicomplex described in the next in the next section. 



6.4 Bicomplex 

Let G be a comonad in £, let A e £^ and M ^ A — moO. Then we can construct the following 
bicomplex denoted by C*-*{I,A,M). 

CP^'^iI,A,M)^ II r>er{G'^+\A{io)),a*M{ip)). 

The map CP''^{I,A,M) — ^ C^^^'"^ {I, A, M) is the map in the Baues-Wirsching cochain complex, 
and the map CP'''{I,A,M) — ^ C^''^^^ (I, A, M) is the product of maps in the comonad cochain 
complex. 



aDer(G3(A(z)),M(*)) 



U.Der{GHA{^)),M{^)) 



U.BeliG{A{^)),M{^)) 



Uc.:^;^<^<GHA{t)),a*Mij)) 



n.:.-.,Der(G2(yl(z)),a*M(j)) 



n 



DeriG{A{i)),a*M{j)) 



This bicomplex lives in the category of abelian groups. We let H*{I, A, M) denote the coho- 
mology of the total complex of C*'*{I, A, M). 
We will need the following useful lemmas. 

Lemma 6.6. If A is Gi [-projective, then A{i) is <S-projective for all i £ I. 

Proof Consider A = Gi{Z) : / ^ £ where Gi{Z){i) = Ux^,G{Z{x)). Since G{Z{x)) is G- 
projective, it follows that U^^,; G{Z{x)) is G-projective for all i £ I. □ 

Lemma 6.7. H"{I,A,M) = Dex{A,M), furth ermore, if A is Gj j -projective then H"^{I ^ A, Ad) = 
for n > 0. 

Proof. It is sufficient to consider the case when A — Gi{Z). When A — Gi{Z), it is known that 
A is G/-projective. By lemma 16.61 and lemma I2.12[ one gets that the vertical columns in our 
bicomplex are exact except in dimension 0. There is a well known lemma for bicomplexes which 
tells us the cohomology of the total complex is isomorphic to the cohomology of the following chain 
complex. 



n,Der(A(z),M(*)) 



;Der(^(i),a*M(j)) 



It is known that the cohomology of this cochain complex is just H^y^{I . S)er(yl, M)). 
To prove the first statement it is enough to show that 

^ 2)er(A, Af) ^ \\l)ev{A{i),M{i)) ^ ]J Der(A(i), a*M(j)) 
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is exact. Let V' G Ili Der(^(i), M{i)) and (a : i — > j) G /, then dtpia : i ^ j) = — 
Therefore dip{a : i — >■ j) = if and only if a^V'l*) = Q!*V'(j)- However a^^l){i) = a*ip{j) if and only 
if M{a)ip{i) = ip(j)A{a), i.e. the following diagram commutes. 



ih(i) 

A{i) — M{i) 



A(a) 



M{a) 



Hence V' G 2)er(A, M). This tells us that the sequence above is exact. Hence H'^{I,A,M) = 
2)er(A,M). 

To prove the second statement, let us consider 

D{a :i->j):= £>er(A(i), aM{j)) 

= Der( W GZ{y),a*M{j)) 

= W BeT{GZ{y),P*a*M{j)), bv lemma [Q 

Define Dy for a fixed object y e / to be a natural system on / (using theorem 16.41) given by: 
Dyia:i^j)= H Dcr(GZ(y),/3*a*M(i)). 

So one has that 

y 

Hence, 

H*s^{I,D)^l[H*s^{I,Dy). 

yei 

Now consider the cochain complex C^,^(/, Dy). 

C*BwiI, Dy) = U^ Dy{l i) ria:.^, Dy{l ^ j) ^ . . . 

= n. Y{p■.y^^ Der(GZ(y), r M(^)) ^ 



n..^, n^:,^. Der(GZ(y), /3*a*M(j)) . . • . 

UZ{y) forms a basis of the free object GZ{y), applying lemma 1^31 one can rewrite the cochain 
complex as 

^Bwi^iDy) — Yly^iYlmeUZ{y) ^Pj{m) ^ Y\a:i^j Ylfi-.y^iYlmeU Z(y) "^a/Bjim) - , 



where Apj(^jn) — preimage of P^{fn) in the projection M{j) — s> GZ{j). This allows us to rewrite 
the cochain complex as 

C*BwiI,Dy)= n C*s^iy/I,Frr.) 
meUZ(y) 

where Fm : y/I ^ Ab is a functor defined by FmiP : y ^ i) = Apj(^rn)- 

Since the category y/I contains an initial object idy : y — > y, by lemma [2.201 the cohomology 
vanishes in positive dimensions. □ 

Theorem 6.8. H^^{A,M) ^ H*{I,A,M). 
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Proof. Consider the bicomplex C*{I,Gi{A)^,,M) shown below. 



C2(/,G?(A),M) 



C2(/, G^A),M) 



C\I,G]{A),M) 



C\l,G^j{A),M) 



C\l,Gi{A),M) 



C\l,Gi{A),M) 



C\I, Gi{A),M) C^{I, Gj{A), M) C\l, G]{A), M) - 

We are going to show that 

H*{I,A,M)=H*{Tot{C%I,Gi{A),,M)))-Hl^{A,M). 
Since G^j{A) is Gj-projective, lemma W7\ tells us that the vertical cohomology 



H'\G*{I,G^j{A),M)) = 



Det(G?(A),M), n^Q, 



0, 



otherwise, 



so each column of the bicomplex C*{I, Gri{A)^, M) is exact except at C^{I, G^j{A), M). Therefore 
by the spectral sequence argument 

H''{Tot{C'{I,Gi{A).,M))) =H"{Dex{Gi{A),M) ^Du{Gj{A),M) ->•••) 

^Hl{A,M). 

We are now going to compute the horizontal cohomology. From the definition of G*{I, A, M) 
we see that each row of the bicomplex G*{I, M) is a product of cochain complexes of the 

form BeT{GPGi{A)^{i),a*M{j)). 

Consider G/(A), A which is an augmented simplicial object. For all objects i G I we have 
— i> A{i) which is also an augmented simplicial object. Applying the forgetful functor 
U : 2l[g(T) 6ets we get UGi{A)^{i) UA{i) which is contractible in the category Sets. Then 
applying the free functor F : (Sets 2l[g(r) we get GG/(A),(i) GA{i) which is contractible in 
the category 2llg(T). Repeated applications of the functors [/ and F give us GPG7(A)*(i) GPA{i) 
which is contractible in the category 2l[0(T). For any arrow a : i — J> j in J we can apply the 
functor Der(— , a* Af (j)) to get a contractible cosimplicial abelian group DeT{GPA{i),a*M{j)) 
Der(GPG/(A),(i), a*M {j)). Therefore each row of the bicomplex G*(/, G/(A)*, M) is exact except 
at CP{I,Gi{A),M). Therefore 



H"iCPiI,Gi{A%,M)) 



CP{I,A,M), n = 0, 
0, otherwise. 



Therefore by the spectral sequence argument 

H"{Tot{G'iI,GiiA).,M)))'^H''{G*{I,A,M)) =H''{I,A,M). 



□ 



Now one has both a global cohomology, Hq^{A, M), and a local cohomology, HQ{A{i), M{i)). 
One can ask how these two are related; the answer is given by the local to global spectral sequence. 

Theorem 6.9. There exists a spectral sequence 

EP" = HPs^{I,W{A,M)) ^ HP+\A,M), 
where 'H'^{A, M) is a natural system on I whose value on {a : i ^ j) is given by H^(A{i), a*AI{j)). 
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Definition 6.10. An extension of A by M is an exact sequence of functors 



^M—^X^-^A ^0 



where X : / — > €om..alQ such that for all i € I we get an extension of A{i) by M{i) 



0- 



.M(i)^X{i)J^A(i)^0 



Two extensions {X), {X') with A, M fixed are said to be equivalent if there exists a map of 
diagrams (j) : X X' such that the following diagram commutes. 

>M ^X ^A ^0 



^A- 



-^0 



We denote the set of equivalence classes of extensions of ^4 by M by (£j:t(A, M). 
Theorem 6.11. H^^{A,M) ^ (£ft{A,M). 

Proof. Suppose we have a free resolution of A and an extension representing a class in (£j:t(A, M). 



0- 



■X' 







The map u is a surjection and Pq is free, so there exists a lift h : Pq ^ X which makes the following 
diagram commute. 

-^M^-^X^^A- 



0- 



^X 

A 



-^0 



Vo 



^A- 



-^0 



V2 ^1 

Then we can get a map d = i^^{h(f \ — hLp\) : Pi M. 

is a derivation, and d is also a 1-cocycle in 2)er(P*,M) and defines a class in Hq^{A, M). 
This class is independent of the choice of lifting h. This gives a map $ : <£f^t{A, M) — >■ Hq^{A, M). 
Conversely, given a. derivEitioii D i Px — )■ M we let 

X = Coker( Pi T Po®M). 

(Vo.O) 

The cokernel is in the category A — mod, and we let p : Po©M X be the canonical projection. 
If £) is a 1-cocycle in S)er(P*, M) then we obtain an extension in ^fi(A, M) where i : M ^ X is 
given by i{m) = p{0 ® m) and u : X ^ A is given by u{p{y © m)) = £{y)- 



=^ Pi =1: Po ■ 



-^0 



V2 



^M^-^X —^A ^0 

This procedure gives us an inverse to 

Definition 6.12. A crossed extension of A by M is an exact sequence of functors 

p 



0- 



■Ci 



C, 







-^0 



such that for alH e / we get a crossed extension of A{i) by M{i) 



0- 







□ 



M{i) s- 6l(^) ^ Co[i) ^ A[i) — 

We let 7ro2l£ross(^, M) denote the connected components of the category of additively split 
crossed extensions of A by M. 
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Lemma 6.13. 

Hl{A,M)^7To€xo5s{A,M). 

Proof. We are going to show that the crossed extensions are equivalent to the simphcial groups 
whose Moore complex is of length one. Given a crossed extension we have a crossed module 



Let Xq = Co and Xi = Ci® Co where addition is given by (ci , co) + (di ,do) = {ci + di , cq + do) 
and multiplication is given by (ci, co)((ii, do) = (0, codo + 9(ci)di + codi + doCi). For all a : i ^ j 
then we have Xi{a){co,do) = (Ci(q!)(ci), Co(a)(co)). This gives us that Xi is a diagram of 
algebras. We set di : — > Xq to be di(ci, co) — cq and do : Xi ^ Xq to be do(ci, co) — d{ci)+co. 
Then do is a natural transformation. 

We define the category £ to be the category whose objects are the elements of Xq and whose 
morphisms are the elements of Xi. The source of the morphism (ci, co) 6 £ is given by do(ci, cq) = 
d{ci) + Co and the target of (ci, co) G £ is given by di(ci, co) = cq- The composable morphisms in 
£ are pairs of morphisms (ci, Co), (c'l, Cq) such that Cq = (3ci + co. The nerve of the category £ is a 
simplicial group whose Moore complex is 

^ ^ Ker di ^ Co, 

which is of length one. 

Let K^, be a simplicial object whose Moore complex is of length one. Then the Moore complex 

Kerdi > Ko, 

is a crossed module. 

The category of diagrams of algebras is exact and so the results of Glenn [8| tell us that 
Hq {A, M) classifies the simplicial groups whose Moore complexes are of length one. 

□ 



6.5 Cohomology of diagrams of groups 

In the paper by Cegarra [Q] , the cohomology of diagrams of groups is described, which we denote 
by H^g{G, M). A diagram of groups is a functor G : I ^ &p where / is a small category and 
25rp is the category of groups. A C-module is a functor M : / — 2lb such that for all objects 
i G / we have that M{i) 6 A{i) — mod and for all morphisms (a : i — > j) G / we have that 
M{a){gm) = G{a){g) ■ M{a){m) for aU g G G{i) and m G M{i). 

A derivation of G into M is a natural transformation d : G ^ M such that d{i) : G{i) — s> M{i) 
is a derivation of the group G{i) into M{i). We denote the abelian group of all derivations of G 
into M by Der7(G, M). When G is locally constant then H^'^^ifi, M) = i?" Der7(G, M) and the 
following spectral sequence exists. 

= Hl^{I,W+\G,M)) ^ HP+^+\G,M), 

where ?^*(G, M) is a natural system on / whose value on (a : z j) is given by H'^{G{i), a*M{j)). 
So when G is locally constant the cohomology described by Cegarra coincides with the Andre- 
Quillen cohomology described above with a dimension shift. 
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Chapter 7 

Andre- Quillen cohomology of 
^-rings and A-rings 

7.1 Cohomology of rings 

Let / denote the category with one object associated to the niuhiphcative monoid of the nonzero 
natural numbers. We can consider \E'-rings as diagrams of commutative rings; \l/-rings are functors 
from / to the category of commutative rings 

R: I Com.rings. 

Therefore we can use the theory we developed in the previous chapter. 

We are now going to construct the free 'J'-ring on one generator a. Let A be the free commutative 

ring generated by {a,;|?' G N}. Let the operations : A ^ Ahe given by ^^{aj) = Uij, for i,j e N. 
Then A is the free '^-ring on one generator. 

Lemma 7.1. If R and S are ^ -rings, then i? (g) S* with \E'*:i?(g)S'^i?ig)5' given by \l/*(r, s) = 
(^'(r), ^'(s)) is the coproduct in the category ^ — nngs. 

Proof. The coproduct of two commutative rings is given by the tensor product, so we only need 
to check the ^-operations. There is a unique "Jf-ring structure on R<^ S such that 

R^ R^S, ri-^rOl, 

S ^ R'S)S, si-^l^s, 
are homomorphisms of ^-rings given by 

^*(r (g) s) = ^''((r «) 1)(1 «) s)) 
= 'J'*(r(8)l)**(l0s) 
= ('J'*(r)(8)l)(l(8)*'(s)) 
= ^'{r)^^'{s). 

□ 

Corollary 7.2. Let A be the free commutative ring generated by {ai,bi, . . . ,Xi\i G N}. Let the 
operations "ii^ : A ^ A be given by ^''(aj) = a^, ^'(?>j) = btj, . . ., "^^{xj) = Xij for i,j G N. Then 

A is the free '^-ring generated by {a, x}. 

It is well known that there is an adjoint pair of functors 

F 

6ets ^ ^ Com.rings , 

u 

where U is the forgetful functor and F takes a set S to the free commutative ring generated by S. 
The adjoint pair gives rise to a comonad G on Com. rings which is monadic and the cohomology 
with respect to this comonad is the Andre-Quillen cohomology of commutative rings. 
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The adjoint pair gives rise to another adjoint pair 

Fi 

6ets ^ Com.rings^ , 

u, 

where Ui is the forgetful functor and Fi takes a set S to the free ^f-ring generated by S. This 
adjoint pair yields a comonad G/ on Com.rings^ = vj/ — rings which is monadic. Note that for any 
R €^ — rings, we get that Gi{R) — |JieN^(^)- define the cohomology of a ^I'-ring R with 
coefficients in M G i? — moO* to be 

Hl{R,M) := H^,{R,M) - iJ^, (i?, Der*(-, Af)). 

From theorem 16.41 it follows that for any n > 0, there is a natural system on I as follows 

Dr.^H2Q{R,Mf), 

where M-^ is an /i-module with M as an abelian group with the following action of R 

{r,m) I— '^/■^{r)m, for r d R,m d M. 

For any morphism m £ J, we have : Dj ^ D^f which is induced by 5*" : M"^^ . For any 

morphism w 6 /, we have v* : D f ^ D f y which is induced hy '^^ : R ^ R. 
Therefore theorem 16.91 gives us the following theorem. 

Theorem 7.3. There exists a spectral sequence 

= Hl^{I,W{R,M)) ^ Hl+\R,M), 
where 'H'^{R,M) is the natural system on I whose value on a morphism a in I is given by 

h\q{R.m^). 

Theorem 7.4. Let R he a 'i'-ring and M e i?— moO*, then 

1. H%{R,M) = Ber^ {R,M), 

2. Hl{R, M) ^ Ext*(i?, M), 

3. Hl{R,M) 9^TroCross^{R,M), 

4. If R is a free -^-ring, then H^{R, M) = for n > 1. 

7.2 Cohomology of A-rings 

We are now going to construct the free A-ring on one generator a. Let A be the free commutative 
ring generated by {oi|« G N}. Let the operations X'^ : A ^ Ahe given by A*(aj) = Pij{ai, . . . , aij) 
for i, j S N. Then A is the free X-ring on one generator. 

Lemma 7.5. // R and S are X-rings, then R® S with A* : R® S ^ R® S given by A*(r, s) = 
Pi{{X^{r), 1), . . . , (A*(r), 1), (1, A"'^(s)), . . . , (1, A*(s))) is the coproduct in the category X — rings. 

It is known that there is an adjoint pair of functors 

F 

6ets , ^ X - rings , 

u 

where U is the forgetful functor and F takes a set 5* to the free A-ring generated by S. The adjoint 
pair gives rise to a comonad G on A — rings which is monadic. We define the cohomology of a 
A-ring R with coefficients in M ^ R~ mo()\ to be 

HliR,M) :=Hl{R,M)=H*^{R,BeT^i~,M)). 

Theorem 7.6. Let R be a X-ring and M e R~mo(}\, then 
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1. H°{R,M)^DeYx{R,M), 

2. Hl{R,M) ^ Extx{R,M), 

3. Hl{R,M) ^ noCrossx{R,M), 

4- If R is a free X-ring, then H^{R, M) = for n > 1. 



Proof. Property 1 follows from lemma [2.121 and property 4 follows from lemma [2. Ill We are now 
going to prove property 2. 

Suppose we have a free resolution P» of i? as a A-ring and an extension representing a class in 
ExtA (i?,M). 







M- 



X 



R- 



■0 



The map u is a surjection and Pq is free, so there exists a lift h : Pq ^ X which makes the following 
diagram commute. 







M- 



Pi 



■X 

A 



R- 



R- 



•0 



Then we can get a map d = i~^{hif \ ~ hi~p\) : P\ ^ M 

cZ is a \l/-derivation, and d is also a 1-cocycle in Der,f (P», Af) and defines a class in H^{R, M). 
This class is independent of the choice of lifting h. This gives a map $ : Extij, {R, M) — > H\, {R, M) . 

Conversely, given a A-derivation D : Pi ^ M we let 

X = Coker( Pi T Po®M ). 

The cokernel is in the category R—mO(3\, and we let p : Pq©-^ — ^ -'^ be the canonical projection. 
If I? is a 1-cocycle in DerA(P*, M) then we obtain an extension in ExtA(-R, M) where i : M — > X 
is given by i{m) — p(0 © m) and u : X ^ R is given by u{p{y © m)) = s(y). 



Pi 



0' 



M- 



X 



R- 



R- 



•0 



This procedure gives us an inverse to $. 

We are now going to prove property 3 by showing that the crossed A-extensions are equivalent 
to the simplicial groups whose Moore complex is of length one. Given a crossed A-extension we 
have a crossed A-module 

d 



Ci 



Co. 



Let Xq = Co and Xi = Ci® Cq where addition is given by (ci, co) + (di, do) = (ci +di,CQ + do) 
and multiplication is given by (ci, co)((ii, do) = {0,CQda + d{ci)di+codi+dQCi). We let A"(co,(io) = 
(5^^^;^ A-' (ci)A*~-' (co), A*(co). This gives us that Xi is a A-ring. We set di : Xi ^ Xq to be 
di{ci,co) = Co and do : Xi Xo to be do(ci,co) = 9(ci) -|- co- Then do is a A-ring map. 

We define the category £ to be the category whose objects are the elements of Xo and whose 
morphisms are the elements of Xi. The source of the morphism (ci, co) S £ is given by do(ci, cq) = 
d{ci) + Co and the target of (ci, co) £ £ is given by di{ci, cq) = cq. The composable morphisms in 
£ are pairs of morphisms (ci, co), (c'l, Cq) such that cf, = dci + cq. Hence the nerve of the category 
£ is a simplicial group whose Moore complex is 



■0- 



■ Kcr di 



Co, 



which is of length one. 
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Let if* be a simplicial object whose Moore complex is of length one. Then the Moore complex 
yields 

Kerdi > Kq, 

which is a crossed A-module. 

The category of A-rings is exact and so the results of Glenn Q tell us that H^{R^ M) classifies 
the simplicial groups whose Moore complexes are of length one. □ 

Lemma 7.7. Let R he a X-ring and let M G R-mod\. Then there exist homomorphisms, for 
n>0, 

^n-Hl{R,M)^Hl{R^,M^), 

Pn:Hl{R,M)^HlQ{R,M.), 
: H^iR^,M^) ^ HIq{R,M). 

Proof. Let P* be a projective resolution of R in the category of A-rings. Then applying the Adams 
operations we get that (P*)* is a (not necessarily projective) resolution of i?* in the category 
of ^f-rings. We let L* be a projective resolution of R^ in the category of ^f-rings. Since L* is 
projective, we can use the lifting property to get a map a : L* — >■ (P*).p, such that the following 
diagram commutes. 

(P*)* ^P* 

A 

P* i- R^ 

We then apply the functor Der,p(— ,M^) to get the commutative diagram. 

Der,t((P*)*, Af,t) ^V)ev^{R^ , M^) 

T)er^{L^,M^) ^Dcv^{R^,NU) 

The inclusion i : T)eYx{R,M) ^ Der*(P*, A/>i,) gives us maps which make the following 
diagram commute. 

DerA (P, , M) ^ DerA {R,M) 



Der*(P,, Af*) 
This gives us homomorphisms 



Der^,((P*),],,Mv[,) ^ Derv[,(P*, M*) 

— ^ Dcr^ [R^ , AI^ ) . 



(Q*i) 



<;„ : H^{R, M) = ff"(DerA(P,, A/)) —-^ p-"(Der*(i*, A/*)) = i/^(P*, Af*). 

The homomorphisms p„ and Qn are induced by the forgetful functors from A— rings and ^P— rings 
respectively to Com. rings. □ 
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Chapter 8 

Applications 



8.1 K-theory 

The material covered in this section can be found in j2j] and 
8.1.1 Vector bundles 

In this section we will develop the notion of complex vector bundles. A lot of the basic theory for 
real vector bundles is the same as for complex vector bundles, however we will only be concerned 
with complex vector bundles in this chapter. 

Definition 8.1. A complex vector bundle consists of 

1. topological spaces X (called the base space) and E (called the total space.) 

2. a continuous map p : E X (called the projection.) 

3. a finite dimensional complex vector space structure on each 

Ex=p^'^{x) for X G X, 

(we call the p~^{x) the fibres) 

such that the following local triviality condition is satisfied. There exists an open cover of X by 
open sets Ua and for each there exists a homcomorphism ■ P^^{Ua) — > x C'* which takes 
p^^{b) to {b} X via a vector space isomorphism for each b E Ua- 

Example 8.2. Let E = X x C^, and p be the projection onto the first factor. We call this the 
product or trivial bundle. 

A homomorphism from a complex vector bundle p : E ^ X to another complex vector bundle 
q : F ^ X is a. continuous map (p : E ^ F such that 

1. q(p^p, 

2. (f : Ex ^ Fx is a. linear map of vector spaces for all x E X. 

If (/? is a bijection and (p~^ is continuous, then we say that ip is an isomorphism and that E and 
F are isomorphic. We will let Vect{X) denote the set of isomorphism classes of complex vector 
bundles on X. 

Let i? be a complex vector bundle over X. We get that dim{Ex) is locally constant on X, 
furthermore it is a constant function on each of the connected components of X. 
For vector bundles E, F we can define the following corresponding bundles 

• E (B F, the direct sum of E and F, 

• E (S) F, the tensor product of E and F, 

• X'^(E), the /c"* exterior power of E. 
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There exist the following natural isomorphisms 

• E®F^F®E, 

• E^F^F^E, 

• E<»{F®F')^{E®F)®{E<S) F'), 

. A^(£ e F) - ©,+,.=fe(V(F) Xi{F)). 

8.1.2 K-theory 

For any space X, we can consider the set Vect{X) which has an abelian semigroup structure where 
addition is given by the direct sum. There is also a multiplication, given by tensor products, which 
is distributive over the addition of Vect{X) (this makes Vect{X) into a semiring.) 

If A is an abelian semigroup, we can associate an abelian group K{A) to A. Let F{A) be the 
free abelian group generated by A, and let E{A) be the subgroup of F{A) generated by elements 
of them form a + a' — (a © a'), where a, a' G A and © is the addition in A. We define the abelian 
group K{A) = F{A)/E{A). If A is a semiring, then K{A) is a ring. 

If X is a space, then we will write K{X) for the ring K{Vect{X)). Let / : X — >■ y be a 
continuous map. Then /* : Vect{Y) — > Vect{X) induces a ring homomorphism /* : K{Y) — >■ K(X) 
which only depends on the homotopy class of /. 

We can define operations A*^ : K{X) — >■ K{X) using the exterior powers. These make K{X) 
into a A-ring. Wc can then use these to define the Adams operations : K[X) K[X) which 
makes K[X) into a ^f-ring. 

If X is a compact space with distinguished basepoint, then we define K{X) to be the kernel 
of i* : K{X) — >■ K{xo) where i : xq — > X is the inclusion of the basepoint. Let c : X — >■ a;o be the 
collapsing map, then c* induces a natural splitting K{X) = K{X) © K{xo). 

Example 8.3. K{S'^") = 1j[y]/{y)'^ , where y is the n-fold external product [H — 1) * ... * [H — 1) 
and H is the canonical line bundle of = CP^. Multiplication in K{S^^) is trivial, and the 
X-operations A'= : K{S'^^) K{S'^^) are given by 

Xk(x) = (-l)'=-ifc"-ia;. 

Hence the ^-operations ^'^ : K{S^"-) — > K{S^"-) are given by 

8.2 Natural transformation 

Let X, Y be topological spaces such that K{Y) = and if (EX) = 0. Let / : F ^ X be a 
continuous map, then we can consider the Puppe exact sequence 

Y — ^ X ^ Cf ^ T.Y ^ EX ^ EC/ ^ ■ • ■ 

where C/ is the mapping cone of /, and EX is the suspension of X. After applying the functor 
K{—) we get the long exact sequence. 

^ ^(EX) ^ K(SY) > K{Cf) ^ K{X) ^ K{Y) 

However, since KCEX) = and K{Y) = we obtain the short exact sequence. 

^ if (EF) ^ K{Cf ) ^ K{X) ^ 

This gives us the following proposition. 

Proposition 8.4. If X and Y are topological spaces as above then there exist natural transforma- 
tions Tx ■■ [Y,X] Extx{K{X),K(T,Y)) and : [Y,X] Ext^{K{X), K{T,Y)). 

Corollary 8.5. If X is a topological space such that if (EX) = then there exist natural transfor- 
mations Tx,n ■■ T^2n-i{X) Extx{K{X),K{S'^'^)) and t*,„ : 7r2„-i(X) Ext^{K{X),K{S'^'')). 
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8.3 The Hopf invariant of an extension 

We are going to give a proof of the classical result of Adams which was first proved by Adams, 
and subsequently by Adams- Atiyah [l[ . We are going to use the same approach as Adams- Atiyah; 
using ^I^-rings. 

Definition 8.6. Consider the commutative ring R which is free as an abelian group with generators 
X and y, R ^ 1x © Zy, where x is the unit of the ring and = 0. Let M = Zz be the i?-module 
such that y • z = 0. We can consider the square zero extensions of R by M in the category of 
commutative rings. All the square zero extensions have the following form 

^X©Z7 ^R ^0 (8.1) 

where X = Za © Z/3 as an abelian group with a being the image of the generator z, the image 
of the unit 7 is the unit x and the image of /3 being the generator y. Since = we get that 
= 0. Since y^ = 0, we get that a/3 = and 0^ = ha for some integer h. We define h to be the 
Hopf invariant of the extension (j8.ip . 

Let / : 5*^""^ — t- S'^" be a continuous map. We define the Hopf invariant of the map / to be 
the Hopf invariant of the short exact sequence 

^ k{S^'') ^ K{Cf) ^ ^ 

obtained from applying the natural transformation r,f to /. 

We are going to consider the extensions of K{S'^'^) by K{S'^" ) in the category of ^'-rings. We 
are going to prove the following theorem. 

Theorem 8.7. 

^ 1 Lp pnme 

where Gn,n' denotes the greatest common divisor of all the integers in the set 

{r-r'|?eZ,?>2}. 

Corollary 8.8. If n ^ n' then, 

~ t (2" — 2"') 
Extx{K{S'^''), K{S'^'' )) = {{h, i.) G Z © Zg„ „, \h = v^— mod 2}. 

If n = n' , then 

Extx{K{S^"),K{S^"'))^{{h,i^2,'^3,---)&Z® n 1^2 mod 2, 

p prime 

Vp = mod p, p > 2}, 

AU the vl/-ring extensions of K{S^^^) by K{S^" ) have the form (|8.ip . The \I'-operations on 
'i''^ : X X are given by 

ip'^^m, r) = {k" m + Vkr, k"-r), 

for some Vk G Z. 

^''=(*'(TO,r)) ^ {k"'r'm + k"-'vir + Vkl"-r,k'^rr), 
*'(*'=(TO,r)) = {r k"^' m + r' Vkr + vik''r,rk''r). 
Since the ^f-operations commute, we get that 

„^r{k"' -k")^i^kr{l"' -n. 

li n ~ n' then there is no restriction on the choice of Vp for p prime. Otherwise we can rearrange 
the above to get that 

(r' - I") 

^^ = ^\k-' -k-y 
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By setting k — 2 we get that for alH > 2 

(/"' - r) 



(2" - 2") 

We can write all the vi 's as multiples of V2 since 

- Z") (fc"' - fc") - Z") (P' - /") 

i^/ = 1^2 ~, — ; r — V2 —, — ; r t, — ; ; — r = vu - 



(2"' - 2") (fc"' - A:") (fc"' - fc"). 

Since is an integer, we get that V2 ~ — j-^ for some integer z. 

If we replace the generator /3 by /3 + Na, note that (/3 + A^a)^ = /la, then we have to replace 
by i^k + N{k"' - fc"). We get that 

+ Nik-' - n - ^.K^ + Nik-' - k-) . 

^ ; ^ 2"' _ 2" f2" — 2") 

So we only have to be concerned with replacing 1/2 by 1^2 + A^(2" — 2"), then our usual formula for 
Vk holds. Hence we are replacing — ^ by 

^(2"' - 2") ^ ^^2"' _ 2") = (^ + ^g».»0(2"'-2") _ 

This proves theorem 18.71 The isomorphism depends on n and n' . If we now introduce the 
property that '^^ix) = mod p, we get that 1^2?^ = hr^ mod 2 and z/pr = mod p for p > 3. This 
proves coroUarv l8.8l 

Proposition 8.9. If there exists an extension in ExtxiKiS'^"), KiS'^" )) whose Hopf invariant 
is odd, then either n — n' or minin,n') < where denotes the multiplicity of the prime 

p in the prime factorisation of the greatest common divisor of the set of integers {(fc-' — 1)| k £ 
N- {l,gp|Vg G N}}. 

Proof. The case when n = n' is clear. Assume that n ^ n' , then the special ^-ring extensions 
are given by a pair (/i, v) where h is the Hopf invariant. By 18.81 h can only be odd if 2" divides 
Gn,n'- Assume that n < n' , since the other case is analogous. The multiplicity of 2 in the prime 
factorisation of G„,„' is n if n < or if 9'\n-n'\ < I* follows that if n < then 

2" divides Gn,™'. □ 

Note that gl^_^ = 1 for all n G N. Since (A:^" - 1) = (fc" + l)(fc" - 1) it follows that 
2 (3, n odd 

I .9n + 1' even. 



Theorem 8.10. // there exists an extension in Ext\iKiS'^"), KiS'^" )) whose Hopf invariant is 
odd, then one of the following is satisfied 

1. n ^ n' , 

2. n — 1 or n' — 1, 

3. n' — n is even and either n — 2 or n' = 2, 

4. n' > n>3 and n' = n + 2""^6 for some b S No, 

5. n > n' > 3 and n — n' + 2" ^^b for some 6 G Nq. 

Proof. 1. is clear. 

2. follows from 5^ > 1 for all N. 

3. follows from g|„ > 3 for all n G N. 

4. and 5. follows from being 2 plus the multiplicity of 2 in the prime factorisation of 
\n-n'\. □ 
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Corollary 8.11. If there exists an extension in Extx{K{S'^"), K(S'^^^~^''^)) whose Hopf invariant 
is odd, then one of the following is satisfied 

1. k = Q, 

2. n=l, 

3. k is even and n = 2, 

^. n > 3 and k = n + 2"~'^b for some 6 e Nq. 

Lemma 8.12. // there exists an extension in Ext\{K{S^"), K{S^'^")) for a e N whose Hopf 
invariant is odd, then one of the following is satisfied 

1. n= 1,2 or 4, 

2. n = 3 and a is even, 

3. n>5 and an = 2n + 2"~^6 for some 6 e Nq. 

Corollary 8.13. If there exists an extension in Ext\{K{S'^"), K{S'^")) whose Hopf invariant is 
odd, then n= 1,2 or A. 

Corollary 8.14 (Adams). /// : 5^"-^ 5^" is a continuous map whose Hopf invariant is odd, 
then n = 1,2 or 4. 

8.4 Stable Ext groups of spheres 

Proposition 8.15. Ifn>k + 1 then Gn,n+k = Gn+i,n+k+i- 

Proof. Let n > fc + 1. We know that Gn,n+k = Gn+i,n+k+i if and only if the multiplicity of any 
prime p in the prime factorization of Gn,n+k is 5^- For all primes p > 2 we get that > 2*^ — 1, so 
the multiplicity of p in the prime factorisation of Gn,n+k is g^- We can easily see that g^. < k + 1 
for all k. It follows that the multiplicity of 2 in the prime factorisation of Gn,n+k 9k- ^ 

Corollary 8.16. If n > k + 1 then 

ExtA(ivr(5'"),^(5'("+'=^)) = ExtA(i^(52("+i)),^(52("+'=+^')). 

The groups ExtA(-f!:(52"),if(52("+'=))) are independent of n forn > A; + 1, we call these the 
stable Ext groups of spheres which we denote by Ext2fe. 

Proposition 8.17. There are natural transformations 

Tfc : 7r2i,_i -i> Extjfc, 

where ttj^.i denotes the stable homotopy groups of spheres. 

For small k these groups look as follows. 



k 




Ext^, 


1 


Z2 


2Z® Z2 


2 


Z24 ® Z3 


2Z ® Z24 


3 





2Z®Z2 


4 


Z240 


2Z ® Z240 


5 


Z2 © Z2 ® Z2 


2Z®Z2 


6 


^504 


2Z © Z504 


7 


Z3 


2Z® Z2 


8 


Z48O ® ^2 


2Z ® Z480 
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Appendix A 

Adams Operations 



i=l 

\E'^(r) =r 

^-3(^) =r3 -3rA2(r) +3A3(r) 

^4(^) ^^4 _ 4^2^2(^^ ^ 4rA3(r) + 2(A2(r))2 - 4A4(r) 

*5(r) - Sr^A^Cr) + 5r'^X^{r) + 5r(A2(r))2 - 5rX'^{r) - 5X''ir)X'^{r) + bX^ir) 
^^(r) =^6 _ 6r.4A2(r) + 6r^X^{r) + 9r'^{Xy - Gr^A^ - 12rX^{r)X^{r) 

+ 6rX^{r) - 2(A2(r))3 + 3{X^{r)f + 6X'^{r)X'^{r) - 6X^{r) 
^\r) =r^ - 7r^A2(r) + Tr^X'^ir) + 14r^(A2(r))2 - 7r-''A4(r) - 21r^X'^ir)X^{r) 

+ Ir'^X^r) - 7r(A2(r))3 + 7r(A3(r))2 + UrX\r)X''{r) - 7rA'5(r) 

+ 7(A')2A3(r) - 7X'^{r)X\r) - 7X''{r)XHr) + 7X\r) 
*8(r) - 8r^X^{r) + Sr'^X^ir) + 20r\X\r)f - 8r^X'^{r) - 32r^ X^ (r) X^ (r) 

+ Sr^A'^W - 16r2(A2(r))3 + Ur^X'^ir))^ + 24r^ X"" (r) X'' (r) - Sr^A'^W 

+ 24r(A2(r))2A3(r) - 16rXHr)X'^{r) - lerA^^A^M + 8rA^(r) + 2(A2(r))4 

- 8A2(r)(A3(r))2 + 4(A4(r))2 - 8(A2(r))2A4(r) + 8A3(r)A5(r) 

+ 8A2(r)A'5(r) -8A^(r) 
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Appendix B 

Universal Polynomials P^^Pi j 



For more information on the universal polynomials, refer to the thesis of Hopkinson [12j . He has 
several results and gives the polynomial Pi upto i = 10, as well as giving several formulas for the 
polynomial Pi^j. 

• Pi(si;cri) = sifTi 

• -P2(si,S2;Cri,(T2) = " 2s2Cr2 + S2Cr^ 

• P4(S1, S2, 53,54; 0-1, CT2, 0-3, 0-4) = -2si,S3(T| + 2s4(T|+4,S40-l(T3-4,sfs20-4 -252^^1(73 -4S4(T^(T2 + 

4siS3(T4 + s\s2(J\az + S\S-3,a\a2 ~ sis-iaicrz + Si<^i + s^al + 2s2(T4 + s^gI — 4540-4 

• -F'i,i('Si) = si 

• Pij(5i,...,5j) = Sj 

• Pi,l{si, ...,Si)^Si 

• P2j(5l, . . . ,52,) = + + (-lP + ^52, 

Consider the polynomials 

• -P2,4(S1, 52, S3, 54, 55, 56, 5/, 53) = 5355 - S2S6 + 5i57 - Ss 

• -P4,2(5l, 52, S3, 54, S5, 56, S7, Ss) = S15354 - 3siS2S5 + sf 55 - S4 + 5355 - 5^56 + S1S7 + 2s256 - Ss 

• -P5,2(S1, 52, S3, 54, 55, 56, S7, Ss, Sg, Sio) = sf Sg + 52s| + 35iS2S7 + 35iS3S6 - 45^5256 - 2S1S4S5 - 
2S2S3S5 + S1S3S5 + Sio - S357 + 2S5 - 5^57 - 25456 + 2s2S6 + S^Ss - SiSg - 2525s 

So we can see that in general P^j- 7^ Pj,i- 
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Appendix C 

Universal Polynomial Partial 
Derivatives 



k 




dP2(r,8) 


dP3(r,s) 
d\''(r) 


dPi(r,s) 
dX>'(r) 


1 




r(.s2 -5-2(s)) 






2 





4-2(3) 


r{s^ - *3(s)) 




3 










r(s4 - *4(s)) 


4 














Conjecture C.l. For a// i G N 

dPi{r,s) 



Prom the other universal polynomial, we get 



aP2,n(r) r 



1 k = n 
otherwise 



k = n, or k > 2n 
(-l)'=+U2n-fe(^) otherwise 



k 


aP4,2(r) 
9A'»(r) 


aP5,2(r-) 
aA'=(r) 


3 


rA4(r) - 


FA5(r) 




4 


rA^(r) - 


-2A4(r) 




5 
6 
7 
8 


4'3(r) - 

-*2(r-) 

r 

-1 


2A3(r) 


*4(r) -rA3(r) + 2A4(r) 
-4'3(r) + 2A3(r) 


9 







— r 


10 







1 
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